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Mizrahi & Sullivan
have been working for you.

And they've been very, very busy.

You loved their first edition of FINITE
MATH —an effective, readable text that
students responded to. Now they've
completely revised FINITE MATH, and
brought their refreshing approach to two
new texts on calculus and business math...
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Finite Mathematics with Applications
For Business and Social Sciences, 2nd Ed.

Abe Mizrahi, Indiana University, Northwest, &
Michael Sullivan, Chicago State University

Using real-world applications from the business and social sci-
ences, this low-level introduction covers probability, modeling,
linear programming, matrices, directed graphs, Markov chains,
game theory, statistics, and finance. It features an abundance

of relevant, practical examples, chapters on topics like graphs,
mathematical models, and finance, and an exceptionally
attractive format.

1976 approx. 592 pp. $13.95

Calculus with Applications to Business

and the Life Sciences
Abe Mizrahi & Michael Sullivan

This basic, highly readable approach to calculus treats the sub-
ject from a well-motivated point of view. It introduces the tradi-
tional topics, stressing applications from the business, social,
and life sciences. You'll find the text offers maximum flexibility,
well-graded exercises, problems that parallel examples found in
the text, and lots of applied problems.

1976 approx. 384 pp. $12.95

Mathematics for Business and Social Sciences
An Applied Approach
Abe Mizrahi & Michael Sullivan

Written at a lower level than most other texts on the subject, this
book covers linear algebra, calculus, and probability—including
models in operations research. Stressing applications throughout,
it introduces the traditionally “hard” topics through careful choice
of examples. Special features: many relevant examples, coverage
of topics not found in other texts, and an intuitive, practical point
of view.

1976 approx. 592 pp. $13.95

To be considered for complimentary examination
copies, write to Robert McConnin, Dept. A5414RM 1
Please include course name, enrollment,

and title of present text.

JOHN WILEY & SONS, Inc.

605 Third Avenue, New York, N.Y. 10016

In Canada: 22 Worcester Road, Rexdale, Ontario
Prices subject to change without notice.
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Now Available. . . ...
from PETROCELLI/CHARTER
By FRANK SCALZO, Queensborough

Communl&y College CUNY, & ROW- ELEMENIARY
LAND HUGHES, Fordham University.

Designed as an introductory one sem-
ester course for students who use com-
puters and pre-packaged computer
programs as problem-solving tools in
elementary statistics, this clear and
readable volume includes:

* 13 pre-packaged computer programs—
covering descriptive statistics, inferen-
tial statistics and probability—com-

gggs’mg;ta cg\;t;gcl'g%tksslgeets, flow- 40 practical problem sets at the end of

. S, . each topic

* : -
élnlgn;géaﬁgg g?a gﬁfgu‘t’gfs;uggseéﬁitgt?ee * summary of statistical formulas with
Statistics; Sets, Permutations, and the  ©XPlanations ,
Binomial Theorem; Elementary Prob- * step-by-step procedures (Algorithms)
ability Concepts; Random Variables, for solving problems.
Normal Distributions; Hypothesis Test- 375 pages. ISBN 0-88405-316-4. $12.50

ing; and Additional Statistical Tech- For an examination copy, teachers can
niques . . write to College Sales Dept. Please in-

* plus appendices _on advanced BASIC clude your school affiliation, course
programming with a comprehensive title, present text in use, and student
cross-referenced index enroliment.

Frank Scalzo &
Rowiand Hughes

Petrocelli/Charter (a div. of Mason/Charter Publ., Inc.),
641 Lex. Ave., N.Y., N.Y. 10022

Just published—the new, revised, second edition of

THE THEORY OF ALGEBRAIC NUMBERS
CARUS MATHEMATICAL MONOGRAPH NO. 9

By Harry Pollard, Purdue University, and Harold G. Diamond,
University of Illinois

The principal changes in this edition are the correction of misprints, the ex-
pansion or simplification of some arguments, and the omission of the final
chapter on units in order to make way for the introduction of some two hundred
problems. Chapter titles are: Divisibility, The Gaussian Primes, Polynomials
Over a Field, Algebraic Number Fields, Bases, Algebraic Integers and Integral
Bases, Arithmetic in Algebraic Number Fields, The Fundamental Theorem of
Ideal Theory, Consequences of the Fundamental Theorem, Ideal Classes and
Class Numbers, The Fermat Conjecture.

One copy of each Carus Monograph may be purchased by individual mem-
bers of the Association for $5.00 each; additional copies and copies for non-
members are priced at $10.00 each.

Orders with remittance should be sent to:
MATHEMATICAL ASSOCIATION OF AMERICA

1225 Connecticut Avenue, N.W.
Washington, D.C. 20036
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EDITORIAL POLICY

Mathematics Magazine is a journal of collegiate
mathematics designed to enrich undergraduate
study of the mathematical sciences. The Magazine
should be an inviting, informal journal emphasizing
good mathematical exposition of interest to under-
graduate students. Manuscripts accepted for publi-
cation in the Magazine should be written in a clear
and lively expository style. The Magazine is not a
research journal, so papers written in the terse
“‘theorem-proof-corollary-remark’ style will ordi-
narily be unsuitable for publication. Articles printed
in the Magazine should be of a quality and level that
makes it realistic for teachers to use them to
supplement their regular courses. The editors
especially invite manuscripts that provide insight
into applications and history of mathematics. We
welcome other informal contributions, for example,
brief notes, mathematical games, graphics and
humor.

Editorial correspondence should be sent to:
Mathematics Magazine, Department of Mathema-
tics, St. Olaf College, Northfield, Minnesota 55057.
Manuscripts should be prepared in a style consis-
tent with the format of Mathematics Magazine.
They should be typewritten and double spaced on 8
1/2 by 11 paper. Authors should submit the original
and one copy and keep one copy as protection
against possible loss. lllustrations should be care-
fully prepared on separate sheets of paper in black
ink, the original without lettering and two copies
with lettering added; the printers will insert printed
letters on the illustration in the appropriate loca-
tions.

Authors planning to submit manuscripts may find it
helpful to obtain the more detailed statement of
guidelines available from the editorial office.

ABOUT OUR AUTHORS

Joseph Gallian (‘‘Computers in Group Theory”’) is
a graduate of Slippery Rock State College and
holds a Ph.D. in mathematics from Notre Dame. His
interest in utilizing computers to illustrate the
theory of finite groups arose from undergraduate
research projects at the University of Minnesota
at Duluth, where he is presently. Gallian’s con-
cern with bringing group theory to under-
graduates has resulted in an article on the history
of finite groups (to appear in a subsequent issue)
and a presentation on letter sorting (group theory
for post office officials) which he made at a
regional M.A.A. meeting. He has also published a
number of research papers on finite groups.

Donald Greenwell and Peter D. Johnson (‘‘Func-
tions that Preserve Unit Distance’’) met at Emory
University in the fall of 1973 and among the prob-
lems they traded was the one which produced this
article. Johnson had originally come across prob-
lems of this sort while practicing for the Putnam
exam at Michigan State. After about two months
they produced this proof which Johnson found
“shocking”. Currently Greenwell is an N.R.C. Re-
search Associate at Marshall Space Flight Center
and Johnson is at the American University of
Beirut, Lebanon.

Jeffrey Jaffe (‘‘Permutation Numbers™’) is an under-
graduate at MIT. Last year while taking a course in
combinatorics, he arranged to work with the
teacher, Professor Richard P. Stanley, in conjunc-
tion with MIT's Undergraduate Research Oppor-
tunities Program. His paper on permutation num-
bers was one of the results.
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Computers in Group Theory

A report on several student projects taking
advantage of the number theoretic aspects
of many theorems about finite groups.

JosepH A. GALLIAN
University of Minnesota, Duluth

Much of finite group theory is arithmetical in nature and thus lends itself to computer analysis. In
this paper, we describe some computer related projects in group theory which have been done by
undergraduates at the University of Minnesota, Duluth, during the past two years. We believe that
projects of this kind provide valuable learning experiences for students.

The projects we discuss concern two very important classes of finite groups — Abelian groups and
simple groups. A simple group is a nonabelian group whose only normal subgroups are the identity
and the group itself. Thus, as far as the existence of normal subgroups is concerned, Abelian groups
and simple groups are at opposite extremes since every subgroup of an Abelian group is normal, while
no subgroup (excluding the two trivial cases) of a simple group is normal.

Let’s consider Abelian groups first. Utilizing the Fundamental Theorem of finite Abelian groups
[13, Sec. 2.14] a program was written (all programs were written in Fortran) to determine the
isomorphism classes of all Abelian groups of a given order. For example, for the integer 133128 the
computer prints out the twelve isomorphism classes of groups of this order as direct products of cyclic
groups such as:

C(@3)x C@3)X C(3)X C3) X C2)x C2)x C(2).

Here C(k) denotes the cyclic group of order k.

Furthermore, a tabulation was kept to determine how many integers in a given interval give rise to
a unique Abelian group (e.g., 15, 501), how many give rise to two Abelian groups (e.g., 28, 522) and so
on. The results obtained were quite unexpected. TABLE 1 indicates the various percentages for several
arbitrarily chosen intervals of various sizes. We see that in the interval 1-10,000, 60.83% of the
integers correspond to unique Abelian groups, 20.08% correspond to two Abelian groups and so on.
The surprising fact, of course, is that these percentages are to a remarkable extent independent of the
interval chosen.

We next describe a project involving Abelian groups and number theory. For each positive integer
n, let U(n) denote the set of all positive integers less than or equal to n and relatively prime to n.
Then U(n) is an Abelian group (under multiplication modulo n) of order

X

P.

—

U
=

k
o(n)=]] pr—ps"  where n=
i=1

[17, p. 61]. Let us call such groups U-groups. A program was written to determine each of the
following for any positive integer n: the multiplication table for U(n), the isomorphism class of U(n)
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Intervals

No. of 1- 50001 — 500001 — 500001 — 900001 — 999001 —
groups 10000 50500 505000 550000 901000 1000000
1 60.83 61.00 60.82 60.80 60.90 60.80
2 20.08 19.80 20.04 20.06 19.90 19.70
3 7.44 7.20 7.38 7.42 7.70 7.70
4 2.20 2.20 222 2.23 2.40 2.30
5 321 3.40 3.20 3.20 3.00 3.20
6 1.46 2.00 1.42 1.45 1.20 1.60
7 1.51 1.60 1.50 1.47 1.60 1.40
8 0.08 0.00 0.14 0.10 0.10 0.10
9 0.22 0.20 0.28 0.22 0.30 0.10
10 or 2.97 2.60 3.00 3.05 2.90 3.10
more

Percentages of integers in given ranges that are the order of the given number of distinct Abelian groups.

TABLE 1

(in the form C(kq) X C(kz)X - - - X C(k;)), the order of each element of U(n), the exponent of U(n)
and, up to isomorphism, all subgroups of U(n).

It is easily shown that for any given integer N there may be several nonisomorphic U-groups of
order N or none at all. In fact, it follows from the formula above that no odd integer greater than 1 is
the order of a U-group and there are many even integers with the same property (e.g., 26, 50 and 98).
Thus the opposite question of which Abelian groups are realizable as U-groups naturally comes to
mind. A program which achieves the following was also written: Given an integer N, the computer
finds all solutions of the equation ¢(x)= N (see [5, p. 82]) where x has at most 5 distinct prime
divisors (this restriction was made to simplify the programming, but no solutions are missed if
N < 5760). If the solutions xi,x,,...,x are found, the machine then determines the distinct
isomorphism classes of the groups U(xy),..., U(x;) and prints out each one as a direct product of
cyclic groups. For example, by taking N =32 the following is obtained:

C(2)x C(16)= U(64) = U(68) = U(102) = U(51)
C(2)x C2)x C8)= U(96)
C@2)x C(@)x C(4) = U(80)
C2)x CQ2)x CR)x C(4) = U(120).

Thus we see that there are four integers whose corresponding U-groups are models of
C(2) x C(16) but no U-group is isomorphic to C(32) or C(8)X C(4) or C(2)X C(2) X C(2) X C(2) X
C(2). (It is true however that every Abelian group is isomorphic to a subgroup of some U-group [17,
p. 96)).

We now turn to the project in simple group theory. At present, simple group theory is the most
active and glamorous area of research in the theory of groups. In many respects, the concentration of
intellectual effort and resulting deep discoveries in simple group theory during the 1960’s and 1970’s is
comparable to that found in atomic theory during the 1920’s and 1930’s. The principal reason for
focusing on simple groups is that they (together with the cyclic groups of prime order) play a role in
group theory somewhat analogous to that which the primes play in number theory or the elements do
in chemistry or the amino acids do in the study of protein. That is, they serve as the ‘‘building blocks”
for all groups. We emphasize that the adjective “simple” does not connote the complexity of the
structure of these groups but merely the absence of normal subgroups. Indeed, for many problems
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about finite groups the most difficult cases are those involving the simple groups. (See [8] for a
nontechnical history of simple group theory.)

The goal of this project is to determine which integers are and which are not the orders of simple
groups. First, 35 theorems which could possibly determine whether a group of a given order is not
simple were programmed. These theorems, which are listed in the Appendix, require no structural
assumptions on the groups other than order. To illustrate, consider Theorem 3: If for some p | N the
only integer m that divides N and is congruent to 1 mod p is 1, then N is not the order of a simple group.
Thus given an integer N the computer merely finds all integers m which have the first two properties.
If 1 is the only such integer for some p then any group of order N is not simple. This test, although
very simple to apply, is extremely powerful. (Group theorists will note that the number of Sylow
p-subgroups of a group of order N must satisfy the two conditions in Theorem 3; the computer, of
course, doesn’t know this, nor does it need to.)

A program was written to check each integer in a given interval against these theorems to
determine whether the intéger is not the order of a simple group. The output is illustrated in TABLE 2.

N Theorems

1678 3 45 7 8 10 13 14 16 18 32 33 34

1679 3 4 5 8 10 11 14 17 18 28 30 32 33 34 35
1680 8

1681 1 3458 10 11 14 17 18 20 28 30 33 34
1682 2 3457 8 10 13 14 18 32 33 34

A list of the theorems on simple groups that prove, for a given N, that N is not the order of a simple group.

TABLE 2

Thus we see that each of theorems 3, 4, 5, 7, 8, 10, 13, 14, 16, 18, 32, 33 and 34 proves that there is no
simple group of order 1678. On the other hand, only theorem 8§ eliminates the possibility of the
existence of a simple group of order 1680.

Also, a tally was kept on how many integers each theorem ruled out. In this way, there is obtained
for each theorem a qualitative measure of its efficiency for determining which integers are not the
orders of simple groups. For example, Theorem 3 (Sylow’s theorem) eliminates 9,431 of the first
10,000 integers and 9,770 of the integers between 100,001 and 110,000 as possible orders for simple
groups. Thus one might say that for the integers from 1 to 10,000 Sylow’s theorem is a ‘“94% theorem”
while in the interval 100,001 to 110,000 it is a “97% theorem”. Similarly, Theorem 4 could be called a
“78% theorem” in the interval 1-10,000.

Altogether, the theorems programmed ruled out all but 16 of the first 10,000 integers. Since it is
known [12] that there are exactly 16 integers between 1 and 10,000 which are orders of simple groups
we observe that, in this range, the project is 100% efficient.

Finally we turn our attention to the integers which are the orders of simple groups. In 1901 L. E.
Dickson gave a list [6, p. 309] of all the orders of the known simple groups as far as one million (53 in
all) and a partial list of the orders of the known simple groups up to one billion. Although numerous
new simple groups of “‘low order’” have recently been discovered, no complete update of Dickson’s list
has appeared in print. Thus a program was written to produce a list of the orders of all the known
simple groups as far as 100 trillion.

With a handful of exceptions (fewer than 26) the known finite simple groups can be placed into 17
infinite families according to their method of construction and corresponding to each family there is a
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Logae @ - d=(n+1,4-1) 7. q¥g+DE-D

2 ga"[l@ -1 d=@q-1 8 4%°- D= 1)

3. %q"’ﬂl(q’“—l) d=Q2,q-1) 9. 4q"(@°+q*+1@°~ D@~ 1)
4 qa@-nfle -y d=@a- 10 ¢+ g 1)

5. %q"‘"“’(q"+1):=l:[:(q"—1) d=(4,q"+1) TR

6 Ta 1@ =(-0™)  d=(m+1g+1)

Formulas for the orders as far as 100 trillion of the known finite (nonsporadic) simple groups, with certain
elementary exclusions omitted.

TABLE 3

formula which yields the orders of the groups (see [9, pp. 491-492] for details). Since six of the
formulas render no integers less than 100,000,000,000,000 only 11 were programed; they are listed in
TasLe 3. Formula 11, for instance, represents the orders of the simple alternating groups of even
permutations, while formula 1 represents the orders of the simple groups obtained by considering the
square matrices of size n +1 and determinant 1 with entries from the Galois field with q elements
modulo the subgroup of scalar matrices (this subgroup has order d).

The 25 or so “missing” groups mentioned above are called “‘sporadic” because they are
constructed via ad hoc methods which do not produce an infinite family. Interestingly, the
demonstration of the very existence of several of the sporadic groups requires the use of computers.
(A fascinating account of how many of the sporadic groups were discovered is given in [10, Sec. L. 3]).
Since 17 of these groups have order under 100 trillion the list is completed by merely inserting these
integers in the appropriate places.

We conclude by remarking that the ideas discussed above by no means exhaust the possibilities for
undergraduate student projects of this nature and we urge teachers of abstract algebra to encourage
their students to undertake similar endeavors.

The programming mentioned in this paper was done by the following students: Paul Telega, Craig
Cato, Jon Anderson, Jeffrey Stein, Chris Hull, Ronald Solyntjes, John Smith, Jay Boekhoff and Mark
Bolf. The author acknowledges their contribution to the paper and thanks them for their interest and
cooperation in these projects. I am also indebted to the editors for a number of valuable suggestions
pertaining to organization and style of the paper.

Appendix

Each of the 35 theorems used to determine integers that cannot be the order of a simple group has the form “If
P, then N is not the order of a simple group,” where P is a number-theoretical statement about the integer N. We
list below the propositions P, with reference to the associated group-theoretic theorem. In each statement,
D P P2 - -+, P and g represent distinct primes.

1. N=p* [13, p. 86]

2. For some p such that p?|N and p*4 N, N=p°. [7]
3. Forsome p|N the only integer m that divides N and is congruent to 1 mod p is 1. (Sylow [13, sec. 2.12])
4. N=phips. ..pkiand N Y (N/pk)! for some i. [13, p. 73]
5. 124 N and 320 ¥ N. [9, p. 259]
6. N=16m, N<10% 154 N, 21 N, 2448t N, 5616 ¢ N, 6072 k N, N# 29120, 32736, 51888. [11, p. 147]
7. N =2k, k odd. [16, p. 138]
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10.
11.
12.
13.
14.
15.

16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.

33.
34.
35.

CN=phph . ph ki+ kot +k <10, N£ip'(p” —1) (p 23), N£2'(2* — 1) (r > 1), N# 2520, 5616,

7920, 175560, 6048, 29120. [1, p. 115]

..For some p|N where p>4* N and for all m >1 where m =1 mod p N/m = pq where q is prime and

min{p, q} £ (max{p, q} — 1). [16, Th. 6.2.9, p. 137] and [13, pr. 11a, p. 102]

N = p'q’. (Burnside [9, p. 131])

N=plips.--.pl, k,=1or2and 2<p,<p,<:--<p;, [16, p. 141]

59|N, N <10°% N# 102660. [11, p. 150]

2|N, 84 N and 124 N. [11, p. 142]

For some p|N, p>> N, N#Zip(p>*—1) (p >3), N#42'(2* — 1) where 2" +1 is prime. [11, p. 142]

8N, 16 4 N, 105 4 N, 273 ¥ N, N < 10°, N # 168, 360, 504, 6072, 7800, 194472, 352440, 546312, 885720. [11,
p. 147]

p|N, p>97, N<10°% N# 515100, 546312, 612468, 647460, 721392. [11, p. 148]

2 ¥ N. (Feit-Thompson [9, p. 450])

124 N, 16 ¥ N, 56 4 N. (Burnside and Feit-Thompson [16, p. 399])

N=23p, a >0, b>0, N#60, 168, 360, 504, 2448, 5616, 6048, 25920. [20, p. 124]

N =phipk..-pli, N<10% and for some i, p, =37 with k; =2. [11, p. 148]

N = p.ptps, pr>pt >ps, ¢ >0, N# 60, 504, 2448. 14, p. 383]

N = pip.ps5, pt > p.>ps, ¢ >0, N#168. 14, p. 383]

4|N, 84 N, N#ip"(p* —1) (p =3). [11, p. 145]

N=23p®, a>0, b>0, N#60, 168, 504, 2448. [15, p. 116]

N =2°35*, N <10°, a >0, b >0, N#360. [12, p. 101]

N =29327", N<10% N#504, a >0, b >0. [12, p. 101]

N =piptps, a>0, b>0, c >0, 60k N, 168 ¥ N, 504+ N, 2448 ¥ N, 5616t N. [18, p. 388]
N=phpk...p5 24N, ki+---+k <7.[2, p. 268]

N=pst---pli,2¥ N, k; =1 for some i and p; =2" +1 for some n. [2, p. 262]
N=plipk---pk,2<p,<p,<---<p,with k, =1 or2orwith k, =3 and (N, pi+ p, +1) = 1. [2, p. 258]
N =p3°2%, a>0, b >0, and it is not true that 1/p =2°/3° = p. [19, p. 190]

For some p such that p"|N and p"™' ¥ N, k =TI}, (p' — 1) and r = N/p" (r >1) are relatively prime. [16,
p. 399]

N=p?q*g, a>0, g—1<logp/log6 (g need not be prime). [3, p. 349]

34N, N<10° N#29120. [11, p. 147]

N=g'pm, i>0, m<p—1, N<10° N# 60, 168, 2448, 4080, 14880. [4, p. 758]
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Functions that Preserve Unit Distance

Mappings need only preserve certain
distances in order to be congruences.

DoNALD GREENWELL
Marshall Space Flight Center

PETER D. JOHNSON
American University of Beirut

1.. Introduction

Functions which preserve distance (isometries, congruences) lie at the heart of Euclidean
geometry. In this paper we study a number of relatively weak conditions which are sufficient to
guarantee that a transformation is distance preserving. For example Beckman and Quarles [1], and
then independently Bishop [2], and in a special case Zvengrowski [3, Appendix to Chapter II]
discovered that ifn 22 and T: E" — E" is a mapping which preserves unit distances, then T preserves
all distances. We present here a number of similar results which assert that preservation of a fixed
distance in some, but not all, directions is (or, in some cases, is not) sufficient to guarantee that a
transformation be an isometry. More precisely, if we consider a “direction” in E" to be a point on the
unit sphere we discuss in what sets of directions it is sufficient for a transformation to preserve unit
distances in order that it be an isometry. '

2. A necessary condition

Let E” denote n-dimensional real Euclidean space, d( , ) the usual Euclidean metric, and "™
the unit n — 1 sphere in E™. If D C $" ' and T: E" — E", we shall say that T preserves the distance r
in directions D if and only if d(u, v)=r and (u —v)/r € D imply d(T(u), T(v))=r. Note that if T
preserves the distance r in directions D, and D,, then T preserves the distance r in directions — D; and
D, U D,.

In this section we take up the question of what subsets D of $"~! have the property that the only
mappings of E" into E™ which preserve the distance 1 in directions D are isometries. The result of
Beckman and Quarles states that, for n =2, $"" itself has this property.

For D C S"7', let A(D) denote the additive subgroup of (E", +) generated by D, and T a
mapping from E" to E". We consider the following properties of D:

P1: If u—v €D implies T(u)— T(v)E S""', then T is an isometry.

P2: If u—v €D implies T(u)— T(v)E A(D)NS"", then T is an isometry.

P3: If u—v € D implies T(u)— T(v)€E€ D, then T is an isometry.

P4: If u—v € D implies T(u)— T(v)=u— v, then T is an isometry.

Property P1 is just the property we are investigating; namely, that the only mappings from E" to
E™ that preserve the distance 1 in directions D are isometries. Clearly property Pk implies property
P(k +1), for k =1,2 or 3.

TueoreM 1. D C S™7' has property P4 if and only if A(D)=E".

Proof. Suppose A(D)# E". Take some w € E"\A(D) and define T: E"—E" by T(u)=u if
u€AMD), u+w if u A(D). Clearly, if u—v €D, then T(u)- T(v)=u—1v, yet T is not an
isometry, since d(T(w),0)# d(w,0). Thus A(D)# E" implies D does not satisfy P4.

Now suppose A(D)= E". Then each u € E" can be represented as a finite sum % m,w.,, with each
m, an integer and each w, an element of D. Let ||u[ = min3|m, |, with the minimum being taken
over all such representations of u. Now suppose T: E" — E" satisfies the condition that if u —v € D,
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then T(u)— T(v) = u — v. It is easy to prove, by induction on m, the following statement: if | u | = m,
then T(u)=u + T(0). Thus T(u) = u + T(0)forall u € E",so T is an isometry. Therefore, T satisfies
P4.

CoroLLARY 1.1. If D has property P1, then A(D)=E".
CoroLLARY 1.2. P1 and P2 are equivalent.

Proof. We already know that P1 implies P2.
If P2 holds, then P4 holds, so A(D)=E" Then A(D)NS"™'=8""", so statement P2 is just
statement P1.

CoroLLARY 1.3. If | D| < 2% then D does not have property P1 (or properties P2, P3, or P4 for that
matter).

Thus, there is no countable set of directions D such that a mapping preserving the distance 1 in
those directions is forced to be an isometry.

It may be of some interest to note that, by Theorem 1, and by the methods used in its proof, the
following three statements about a set D C $"™' are also equivalent to P4:

(i) If u—v €D implies T(u)— T(v)=u—v, then T is a translation;

(i) If u—v€ A(D) implies T(u)— T(v)=u —v, then T is an isometry;

(iii) If u—v € A(D) implies T(u)— T(v)=u —v, then T is a translation.

We shall make no use of the equivalence of these statements. They are offered only for the
reader’s delectation.

3. A sufficient condition

We would like to know if the converse of Corollary 1.1 is true, but have no idea, not even a guess,
at present. Corollary 1.1 gives a necessary condition for D to have property P1. Theorem 2 gives a
sufficient condition.

TueoREM 2. If n 22 and |S"""\D| < 2%, then every mapping from E" to E™ which preserves the
distance 1 in directions D must preserve all distances.

The skeleton of the proof and much of the flesh comes from Bishop’s paper. We shall give Bishop’s
sequence of preliminary lemmas, in the sharpened form necessary to our purpose, and the full proof in
the case n = 2, leaving the case n >2 to those readers who will familiarize themselves with Bishop’s
paper and who have caught the spirit of the modifications of his arguments given here.

In what follows, T will stand for a mapping from E" to E", n =2, and D C S" " will satisfy the
hypothesis of Theorem 2; i.e., | S "\D | <2%. Henceforward, any set of directions D satisfying this
requirement will be called a large set of directions.

Lemma 2.1. If T preserves the distance r>0 in a large set of directions D, and if
d(u,v) " (u—0v)ED, and (k —1)r <d(u,v)=< kr for some integer k =3, then d(T(u), T(v)) = kr.

Proof. If u and v were joined by a polygonal path consisting of k segments, each of length r, and
each pointing in a direction in D, then the conclusion would follow.

If d(u, v)= kr, there is clearly no difficulty in connecting u and v by such a path.

Suppose (k —1)r < d(u, v) < kr. Let P be a plane containing u and v (if n =2, there is only one
plane that will do; otherwise, there is a great deal of freedom at this stage). For 8 sufficiently small we
can lay off k —2 segments of length r, starting from u, on a straight line in P making an angle 6 with
the segment uv, and still reach v from the end of the last of these segments by adjoining two more
segments of length r, in P (see FIGURE 1).

Furthermore, there are only two possible ways of adjoining the final two segments. We choose the
one which does not cross the segment uv.
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k =2r

FIGURE 1

In the resulting polygonal path of k segments, each of length r, from u to v, there are three
directions represented. Furthermore the correspondence between 6 and each of these three directions
is one-to-one. Therefore, the number of values of 6 for which one or more of the three directions is
not in D is no greater than 3-|S"'\D|<2%. There are 2* values of @ to choose from in this
construction of a polygonal path from u to v. Therefore, there is a polygonal path of the required sort
joining u and v.

Therefore, if (k—-1)r<d(uv)<kr then d(T(u), T(v))=kr (whether or not
d(u,v)(u—v)E D, in fact).

Lemma 2.2, If T preserves arbitrarily large and small distances in directions D, then T preserves all
distances in direction D.

The proof of Lemma 2.2, which depends heavily on Lemma 2.1, is almost identical to the proof of
Lemma 2 in Bishop’s paper. The necessary modifications, such as inserting the words “in directions
D’ in places, are obvious enough that we shall omit the proof here.

Lemma 2.3. If T preserves all distances in directions D, then T is an isometry.

Proof. Suppose u# v, and d(u, v)(u—v)& D. Let ¢ >0. Since D is a large set of directions,
there is a point w such that d(u,v)=d(u,w), d(w,v)<e, d(uw)(u—w)ED and
d(v,w) (v —w)€E D. Then

d(T(u), T(v)) = d(T(u), T(w)) + d(T(w), T(v))
=d(uw)+dw,v)=duv)+dwv)<d(uv)+e
and
d(u,v)=d(u,w)=d(T(u), T(W))=d(T(u), T(v))+ d(T(v), T(w))
=d(T(u), T(v))+d(v,w)<d(T(u), T(v))+e.

Thus d(u,v)— e <d(T(u), T(v))<d(u,v)+ e Since ¢ is arbitrary, d(T(u), T(v))= d(u,v).

The two preceding lemmas provide the following scheme for the proof of Theorem 2: supposing
T: E" — E" preserves the distance 1 in a large set of directions D, show that T preserves arbitrarily
large and small distances in another large set of directions D'. For n > 2, this plan may be executed by
following, and appropriately modifying, the proofs of Bishop’s Lemmas 3 and 4.

The case n =2 is special. We have not been able to modify Bishop’s elegant treatment (for
D = §") to produce a brisk proof of Theorem 2. What follows bears some resemblance, at essential
points, to P. Zvengrowski’s original proof for the plane, of the theorem that Bishop generalized to
higher dimensions.

Proof of Theorem 2. First note that if T preserves the distance r in directions D, then the three
vertices of an equilateral triangle of side length r get mapped by T into the vertices of an equilateral
triangle of side length r, provided the sides of the original triangle represent directions in D.
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FIGURE 2 FIGURE 3

Now, suppose T preserves the distance r > 0 in directions D, and suppose d (u, v) = rV/3. Then u
and v are vertices in FIGURE 2, comprised of two equilateral triangles of side length r, with a common
side. If the three directions represented by segments in FIGURE 2 are in D, then clearly either
T(u)=T(v), or d(T(u), T(v))= rV/3. There is a point w such that d(w,v)=r and d(w,u)=rV3
(there are in fact two such points). If all seven of the directions represented by segments in FIGURE 3,
including the segment joining v and w, are in D, then it must be the case that d(T(u), T(v)) = rV3.
For if T(u)= T(v) then either T(w)= T(v) or d(T(v), T(w))=rV3 and either of these would
contradict the assumption that T preserves the distance r in directions D.

Thus, if d(u,v)= r\/§, and every one of seven directions, each uniquely associated with the
direction of the segment joining u and uv, lies in D, then d(T(w), T(v))= rV/3. It follows that T
preserves the distance rV/3 in a large set of directions.

So if T preserves the distance 1 in a large set of directions, then T preserves the distance (V3)* in
a large set of directions, for each positive integer k. Taking the intersection of this countable collection
of large sets of directions, we obtain a large set of directions, which we continue to call D, such that T
preserves all the distances (\/§)k, k=0,1,2,... in directions D.

Now, suppose uo, u; and u, are points spaced one apart,and in that order, on a line. Let v and w
be points such that ue, v, w, u. is half of a regular hexagon of side length 1 (see FIGURE 4).

Note that d (v, us) = V3 = (ue, w). If all five of the directions represented by the nine segments in
FIGURE 4 are in D, then T must respect this figure by sending uo, u,, uz, v and w into points playing
the same respective roles in a congruent figure.

FIGURE 4
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It follows not only that d(T(uo), T(uz))=2 but also that T(uo), T(u:) and T(u) are collinear,
spaced one apart on the line they determine, and in the “right” order. Since this conclusion about
T(uo), T(u1) and T'(uz) only requires inclusion in D of five directions, each uniquely associated with
the direction of the segment uou, u, it follows that T will preserve collinearity, order, and spacing of
three points spaced one apart on a line pointing in any one of a large set of directions, which we
continue to call D.

Now we claim that T will preserve the collinearity, order, and spacing of k points, spaced one
apart, on any line pointing in one of these same directions D, for any positive integer k. Suppose this is
known to be true for some k = 3. Given k + 1 points, uo, us, ..., Uk spaced one apart, in the order of
their indices, on a line pointing in a direction in D note that T(u) must lie on the intersection of the
unit circle centered at T(ux-,) and the circle of radius k — 1 centered at T(x;), by application of the
induction hypothesis. By induction, then, the claim of this paragraph is proven.

Similarly, since T preserves the distance V3ina large set of directions, it follows that there is a
la\/rge set of directions D’ such that T preserves the collinearity, order, and spacing of points spaced

3 apart along a line pointing in one of the directions D'.

We intersect D' and D to obtain another large set of directions, which we continue to call D.

Suppose L is a line pointing in one of the directions of D, and, for simplicity, consider L to be a
number line, with 0 and 1 distinguished. Now, the points T(n), n =0, £1, £2,... are collinear,
spaced one apart and in the right order. Also, the points T(n'V3), n =0, 1, =£2,... are collinear,
spaced V3 apart, and in the right order. We would like to show that the points T(n'V3) are collinear
with the points T(n), and that all of these points wind up in the right order. It suffices to show that
T(V/3) lies on the same line as the T(n), and in the right place on that line. For any & >0, there are
positive integers n and m such that

n—m\/§<\/§<n—m\/§+e.

If ¢ >0, and n and m are as above, we have
mV3—e<n-V3<mV3.
For ¢ sufficiently small, so that both ¢ < V3 and m =3, it follows from Lemma 2.1 that
d(T(V3), T(n))= mV3.

We also know that d(T(V3), T(0)) = V3, and d(T(0, T(n)) = n. Thus, T(V/3) lies on or inside the
circle of radius m /3 about T(n), and on the circle of radius V/3 about T(0), while T(n)is a distance n
from T(0). Note also that

O<m\/§—(n—\/§)<s.

It follows that T(V3) lies on the arc A of FIGURE 5, and that the segment s of that figure, being of
length mV3—(n—V3), is of length less than e.

As we let £ go to zero the length of arc A is forced to zero and thus T(V/3) is collinear with T(0),
T(1), etc., and in the right place on the line containing them, and therefore so are_T(n\/g),
n=0=1,%2,....

Now, L was any line pointing in a direction in D; as an easy consequence of the foregoing, we
have that T must preserve all positive distances of the form n — m\/g, in directions D, with n, m
positive integers; for, given u and v, with d(u, v)=n— mV3 and d(u, v)"(u — v) € D, take L to be
the line determined by u and v, and let w be the point on L a distance mV/3 from u and a distance n
from v. Think of w as being 0, u as being mV/3, v as being n, on the number line L. Then what has
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mV3

T(0) v T(n)

FIGURE 5

been shown about the respect that T has for collinearity, order, and spacing of certain points on L
implies that d(T(u), T(v))=n - mV3.

Thus T preserves arbitrarily small, as well as arbitrarily large, distances in directions D, which
finishes the proof of the theorem, in view of Lemmas 2.2 and 2.3.

The following corollary is not hard to prove directly, but comes very easily from Theorems 1 and 2.

CoroLLARY 2.4. If |S""\D|<2%, n=2, then A(D)=E".
4. Functions from E" to E™

Suppose T: E"—>E™, 2=n <m preserves the distance 1. Does T necessarily preserve all
distances? We have no answer. However, a modification of an example of Beckman and Quarles [1]
provides some information pertinent to the question.

Let E” denote the real or complex Hilbert space of square summable sequences with the usual
metric produced by the usual norm || - ||, defined by ||(a))|| = (Z7=1|a: [*)?. Foreach n = 1,2,..., let e,
denote the sequence with 1 in the nth place, zeros elsewhere.

ProrositioN 3. If (X, d) is a metric space possessing a proper countable dense subset Y =
{yn: n=1,2,...}, then there is a function T from X to E* which preserves the distance 1 but does not
preserve all distances; T is not, in fact, one-to-one.

Proof. Clearly there is a function §: X — Y such that S(y)=y for each y € Y and d(x, S(x)) <
1/2 for each x € X. Now define R: Y — E~ by R(y.) = (1/\/2)e,,andset T=RS.If w, x € X and
d(w,x)=1, then S(w)= S(x), whence |R °S(w)— R°S(x)||=1, so T preserves the distance 1. On
the other hand, since Y is a proper subset of X, there is some x € X\Y; then x = S(x), but
T(x)=T°S(x), so T is not one-to-one.

The hypothesis that Y is a proper subset of X cannot be deleted in Proposition 3; to see this, take
X to be a countable set, and d the trivial metric satisfying d(x, y)=1if x# y.

Obviously Proposition 3 should severely modify our hopes for the truth of statements that are like
the result of Beckman and Quarles, but in which the domain and range of T are varied.
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Permutation Numbers

Characteristics for relations between
certain numbers and their products.

JerFREY JAFFE, student
Massachusetts Institute of Technology

The study of natural numbers is a vast field and over the years has encompassed many areas. One
of these relates to factorization and divisibility, where an investigator determines how a number can
be broken down into smaller parts or factors. There are many results of various degrees of complexity
related to this topic, for example, the well-known facts that a number is divisible by nine if and only if
the sum of its digits is divisible by nine, or that a number is divisible by eleven if and only if the
alternating sum and difference of its digits is divisible by eleven.

Interestingly enough, the reverse process has not obtained much attention. By the reverse process
I mean the process of determining the relationship between a number and the set of products of it with
other numbers. For instance, we might wonder why 0123456789 X 13 = 1604938257 has all ten digits in
both the multiplicand and the product, and when we can predict such a result. Here too, we might
expect the sum of the digits of the number, or some other simply identifiable feature, to provide a key
to determine when this characteristic exists. In this paper we establish such a simple feature. While
this result is quite interesting in its own right, its main value probably lies in its suggestion for future
research in other phenomena relating to products (rather than factors) of numbers.

In order to introduce our principal theorem, we will need one simple definition: A permutation
number of base b is a b digit number in the base b where every digit 0,1,...,b —1 appears exactly
once. (For example, 2340678195,, and 032145 are permutation numbers.) The result that we will
discuss refers to the first permutation number A of the base b (i.e., A =0123... b~ 1,), in particular,
to a certain curious phenomenon best illustrated in the familiar case where b =10. The product
0123456789 x n yields a different permutation number for 33 different choices of n. This is remarkable
in light of the fact that for n >81 the product is no longer even a ten digit number, one of the
requirements for a number to be a permutation number. Our principal theorem explains this
phenomenon:
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THEOREM. The product An is a permutation number if and only if
1) (m,b-1)=1 and
(2) the sum of the digits of n is less then b —1,

where (n,b —1) is the greatest common divisor of n and b —1.

For example, in base 10, 2A = 024691357 is a permutation number since (2,9)=1 and 2<9;
3A =0370370367 is not a permutation number since although 3<9, (3,9) # 1; and 19A = 2345678991
is also not a permutation number since although (19,9) = 1, 10 £9. Following our (lengthy) proof of
this theorem we will deduce as an immediate corollary that the number of times that the product nA is
a permutation number in the base b, is 3(b + 1) (b — 1), where ¢ is Euler’s ¢ function.

The proof of the theorem will be broken down into three cases. Throughout the discussion we will
give examples where b =10 to help clarify the ideas. The first case to be proved will be: if
(n,b—1)#1 then An is not a permutation number. This case consists of a simple straightforward
calculation. The second case consists of a detailed study of n < b —1 (where, quite clearly the sum of
the digits of n is less than b — 1), and we determine that if in addition (n, b — 1) = 1, then no digit in the
b digit product repeats itself. Inasmuch as, in this case, we set up quite extensive machinery to prove
this (machinery which will also be used for the third case), the calculations become quite tedious.
Therefore we will omit some of the less enlightening remarks.

Finally, if n > b — 1, we reduce the problem to the case of n < b — 1, provided the sum of the digits
of n is less than b — 1. We demonstrate how a formula can be obtained for each digit of the large
number, based on the sum of its digits. For instance, we derive directly that 43,, yields a permutation
number from the fact that 7, the sum of its digits, is less than 9 and also yields a permutation number.

ProvosiTioN 1. If (b—1,n)#1 then An is not a permutation number.

Proof. First note that A(b—1)=11...101, for all b (e.g., 0123456789 x 9 =1111111101). Let
(n, b —1) = p. Since p divides both n and b — 1, there are numbers m and r such that (1) n = mp and
(2) b—1=rp. From (2), A(b—1)= Arp; from (1), p=n/m;so A(b—1)=Arm/m =11...101, as
above. Multiplying both sides by m/r, we get An = (m/r)(11...101,).

Now that we have obtained an expression for An, we wish to show that a digit repeats itself;
specifically that the first digit (from the left) is the same as the (r + 1)st digit. Equivalently we will show
that r divides y = mb®~'+ - - - + mb®~". This would result in both the first and (r + 1)st digits being the
greatest integer in m/r (i.e., the same one!).

To show that r divides y, let z = b®*~". Theny = mz(1+ - -- + b"™"). Consider y — mzr. Note that

y—mzr=mz(1—1+...+br—2_1+b,_1_1).

Since r divides b — 1, r divides b’ — 1 for all i, and thus we have that r divides y — mzr. Finally, since r
divides mzr, r divides y as desired.

ProrosiTioN 2. If (n,b—1)=1 and n < b —1 then An is a permutation number.

Proof. The proof of this proposition is most easily done in three parts. The first part is a lemma
which inductively derives an expression for a position in the product An, given the position to its right
(e.g., for 2A =0246913578, one could derive the fact that a 5 comes next after the 7 and 8). The
second part of the proof uses this lemma to demonstrate how one may derive a similar inductive
expression, this time working from left to right. The third part of the proof then breaks the digits
0,..., b—1intoequivalence classes, and demonstrates that no equivalence class of digits repeats itself
in the product. Since the three parts of the proof are similar and a bit repetitious, we will omit some of
the calculation.

LemMA. Let c; be the number carried into the ith position (from the left) from the (i + 1)st position in
the usual process of multiplying A by n where 0<n <b —1. Also, lett; be the digit appearing in the ith
position of the product. Then:
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(1) Cb=0

2 t=b-n

3) -1=n-1

(4) b =ti+1_n_ci+l+b(ci_ci—l)+ Ci

S) c=cimiftiusb—n—1fori<b-1
¢=Cn—liftsa>b—n—1fori<b-1

Proof. (1) is obvious. To prove (2) and (3), we look at the last few digits, obtaining
(b=1)(n)y=nb—n=(n-1)>b+(b—n).

So b — n appears in the bth place and n — 1 is carried into the (b — 1)st place. (4) follows by definition
of multiplication: (i — 1)n + ¢; = bc;—; + t,, and similarly, in + ¢i.1 = bc; + .1 Subtracting terms we get
the desired result.

To prove (5), we use induction on i (working backwards from b —2).

Basis step: (b—2)b+b—1)n=(0b>-b—-1)n=(n—1)b*+(b—n—1)b+(b—n). Therefore
Ch—2= Cp—1=n — 1 as desired since t,_1=b—n—-1=b—-n—-1.

Inductive step: To complete the induction we need to show that the process of multiplication
guarantees that the correct number is carried over in both cases (i.e., s =b—n—1and t >b—n—1).
The proofs for the two cases are similar calculations so for simplicity we will prove only the case where
t>b-n-1

Assume then (inductively), that the entire lemma is true for j = b —2,..., b — i. We want to show
forj=b-i-1,thatif t,_;, >b — n—1then ¢,—i—1 = ¢,—; — 1. From part (4) of the lemma, we have

to—is1 = tomi T N+ Comiv1— Comi — b(Comi —Co—i-1)-

Since b —1> ;4 and by induction ¢,_;+1 = ¢,—;, We get by transposing
b—n-1 = tyi — b(Cb.-,‘ - Cb—i—l)-

Since t,_i >b—n—1, we get that 0>b—n—1—t,_; = — bcy—; + bcy—;—, Which yields c,—; > Cp—i-1.
Now all we need to show is that the difference between ¢,—; and c,—;—; is in fact no more than one.

To this end, assume that ¢,—; — ¢, is indeed greater than or equal to two. Then from part (4) of
the lemma:

to—iv1 = N+ Cooic1 — Co—i — b (Comi — Coic1) + to—i-

Since t,_;+1 =0, if we assume ¢,_; — ¢,—i—; =2 we obtain
2b=n+coivi—Comi i
Since #,_; = b —1, and by induction cp—i+1— Co—i =1, we obfain
2b=n+1+b-1 or b=n
contradicting the fact that n <b —1.

While this characterization provides us with a method of moving from right to left in the product,
what we will in fact need is the ability to move from left to right in order to show that each digit
0,...,b —1 appears exactly once in the product. What results from the above lemma, as the unique
possibility for moving from left to right in the product (for i <b —2) is:

Rute 1. If t+n<b—n-—1then ti,i=1t+n

Rute 2. If t+n=b then ti,;=t+n—>b unless t+n—b>b—n—1 in which case 4, =
t,+n+1_b
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Rute 3. If b>t+n>b—n—1then t,,=t+n+1.
RULE 4. t,.y=b—n—1; t, =b — n (by direct calculation).

What we will now do is break the digits 0,..., b —1 into n equivalence classes, and demonstrate
that each equivalence class in its entirety appears only once in the product. For clarity, it is convenient
to use an example, and we will use 4A ;o = 0493827156. In our example we will show that each of the
four groupings ({0, 4, 9}; {3, 8};{2, 7}; {1, 5, 6}) must appear in the product. We number the equivalence
classes as follows:

Class n—1={b-1,b—n-2,b-2n-2,b-3n-2,...}
Class n—i ={b—i,b—-n—-i—-1,b-2n—-i—1,...}
Class 0 ={b—-nb-n-1,b-2n-1,...}

with class 0 taking on a different form since it corresponds to the digits occurring on the far right of the
product. Thus in our example, we have (n = 4): Class 3 = {9,4,0}; class 2 = {8, 3}; class 1 ={7, 2}; class
0=1{6,5,1}.

Rules 1 and 3 force the next digit to the.right (after any particular digit) to be the next greatest
number in the equivalence class, provided we haven’t already reached the maximum for the class.
Rule 2 acts on the largest number of each class, and forces the next number to be the smallest number
in a different class. In particular, it forces the (i —b + n +1)st class to follow the ith class (mod n).
Since b — n —1 is.relatively prime to n, successive subtractions of b —n —1 from the various class
numbers causes an encounter with each class. Thus each class is encountered once by Rule 2, and each
element in it is used by Rules 1 and 3.

ProvosiTioN 3. If (n,b—1)=1 and n > b —1 then An is a permutation number iff the sum of the
digits of n is less than b —1.

Proof. Write n as n = q(b—1)+m where m <b—1, (m,b—1)=1 (e.g., 22 =2(9) +4). We then
can write nA as Aq(b—1)+Am.

Case 1. g <m.
A(b—-1)=11...101, so therefore Aq(b—1)=4qq...q0qs,.

Therefore, each digit of An is exactly g greater than the corresponding digit of Am except for carries
and the b — st position. Specifically, we can show that each digit 0,..., b — 1 appears in the product
An if g=1,...,m—1 as follows:

(1) For a digit d =0, ...,min(q — 1, b — m —2) we have that d appears in the same position that
b +d — q appeared in the product for Am.

(2) If b—m —2>gq then a digit d =¢q,...,b —m —2 appears in the same position that d —¢q
appeared in for Am.

(3) For a digit d =b—m —1, d appears in the b — st position.

(4) If g > b — m then for a digit d = b —m, ..., q, we have that d appears in the same position as
b+d—q—1 appeared in for Am.

(5) For a digit d =max(b—m,q+1),...,b—m+q—1, we have that d appears in the same
position as d —q — 1 appeared in for Am.

(6) Finally for a digit d=b—m + q, ..,b—1, we have that d appears in the same position as
d — q appeared in for Am.

The proofs for the above six assertions are similar, so we will be content to prove just the first.
Assume 0 < d =min(q — 1, b — m —2), and that b + d — q appeared in the ith position of the product
Am. Since An = Aq(b—1)+ Am, we must add g to the ith position to see what results for An.
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Adding g to b + d — q results in b + d which is greater than b, so in effect we get d in the ith position
with one carried into the (i — 1)st position. All we must show then, is that nothing was carried from the
(i + 1)st position into the ith position (for then we would be getting a total of d + 1 (not d) for this
position of the product, contrary to our assertion).

To show that, we will return to the rules derived earlier to determine ., in the product Am
(denoted #.1,»). Since m > g we have that ¢,,, + m = b and therefore Rule 2 applies in determining
tiv1m Therefore tiym <tm+m-—-b+1=b+d—gq+m—-b+1or tiym=d+m-—q+1 To get
Liv1n We just add g and we see ty, =d+m—q+1+g=d+m+1.Since d=b—-m -2, we can
rewrite the above as t,,, =b—m —2+m +1=b—1 which means that no carry was necessary into
the ith place. (Note that for the (i + 1)st position we did not worry about adding g + 1 because of a
carry from the (i +2)nd position. The reason for this is that adding q + 1 would have produced a carry
into the ith position only if d = b — m —2, but in that case #.,,. would have been too low to have the
(i +2)nd position merit to have a carry into the (i + 1)st position.)

Case 2. g =m.

If g = m, then An=A((b—-1)g+m)=((b—1)m +m)A = bmA. That is to say that An has the
identical form as Am except that the whole number is multiplied by b, resulting in a zero in the
rightmost place (instead of the leftmost one) and all the digits shifting left one place. Thus clearly, here
too, An is a permutation number. This is in agreement with the proposition since ¢ = m corresponds
to those times that the sum of the digits is less than b —1.

Case 3. ¢ > m.

For g=m+1, b—n appears both where b—n—1 appeared for g =m, and where b—n
appeared. Similarly for any ¢ > m we get repeating digits. Since ¢ > m in our formulation occurs iff
the sum of the digits of n exceeds b — 1, the proposition is proved.

To summarize the theorem, Proposition 1 tells us that a necessary condition for An to be a
permutation number is (n, b — 1) = 1. Propositions 2 and 3 indicate that this condition coupled with the
condition that the sum of the digits of n be less then b — 1 is indeed necessary and sufficient. We now
repeat and prove the corollary to this theorem:

COROLLARY. The number of numbers n such that An is a permutation number is (b + 1)¢(b — 1).

Proof. The ¢(b— 1) numbers less than and relatively prime to b —1 all produce permutation
numbers when multiplied by A. By the construction used in the proof of Proposition 3, we see that if
n <b-1and (n b —1)=1, there are n + 1 numbers m; such that Am; is a permutation number and
the sum of the digits of m; equals n. If we pair n and b —n —1 (as we may do since (b—1,n)=1
implies (b —1,b — n —1)=1) we see that the average number of permutation numbers with sum of
digits equal to any given n relatively prime to b —1is (n + 1+ b — n)/2 = (b + 1)/2. Hence the total
number of numbers that produce permutation numbers is 3(b + 1) (b —1).

Square them

Round numbers are always false.
— SAMUEL JOHNSON
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Hex Must Have a Winner:
An Inductive Proof

DaviD BERMAN
University of New Orleans

The game of Hex is an excellent example of a game for which a winning strategy is known to exist,
even though it is not known what the strategy is. It is easy to show the existence of a strategy once it is
known that either black or white must win, that is, that Hex cannot end in a draw. The available proofs
of the latter fact are all rather difficult (see, for instance, [1, pp. 334-338]). In this note we give a simple
proof.

A Hex board is a parallelogram divided into m rows and n columns of hexagons. Players alternate
turns placing black and white stones on the board with the objective of completing a chain from one
side of the board to the opposite side, one player seeking a chain joining top to bottom, the other
joining right to left. We will show that the game cannot end without a winner. Specifically, whenever a
Hex board is completely filled with black and white stones, there must be either a black chain from
right to left or a white chain from top to bottom. And, equivalently, there must be either a white chain
from right to left or a black chain from top to bottom. Consequently, one of the players must have
achieved his objective and won the game. '

We will prove our proposition by induction on m and n, the dimensions of the board. The
proposition is clear for a 1 X n, m X 1, or 2X 2 board. Now we assume it true for any board smaller
than m X n. Consider the (m — 1) X n board obtained by deleting row m. By the inductive hypothesis
there is either a black chain from column 1 to column n or else a white chain W, from row 1 to row
m — 1. In the former case we are done, so we assume the latter. It follows from an analogous argument
involving deletion of row 1 that there must be a white chain W, from row 2 to row m. We assume that
W, and W, do not meet, or else we would be done.

By deleting column n and then column 1 we can show in a similar manner that there are
nonintersecting black chains B, from column 1 to column n — 1 and B, from column 2 to column n.
Since these horizontal black chains do not meet, the number of rows m must be greater than 2.

//W Q /‘\ /Rowm

FIGURE 1
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Similarly, since the vertical chains W, and W, do not meet, the number of columns n must be greater
than 2.

We now consider the (m —2) X (n —2) board (See FiGURE 1) obtained by deleting rows 1 and m
and columns 1 and n. In this board we apply the inductive hypothesis in its equivalent form: there
must be either a white chain from column 2 to column n — 1 or a black chain from row 2 to row m — 1.
We assume, without loss of generality, the former. This chain W5 must intersect chains W, and W,, so
Wi, W, and W; together form a white chain from row 1 to row m. This completes the proof.

We note, in conclusion, that this proof can easily be modified to deal with other games of this sort,
for instance, Bridge-it.

Reference

[1] Anatole Beck, Michael Bleicher, and Donald Crowe, Excursions into Mathematics, Worth, New York,
1969.

A Double Butterfly Theorem

Dixon JoNEs
College, Alaska

To the extensive annals of geometric lepidopterology we add a further modification of the
well-known butterfly problem. Let us define a “butterfly,” denoted by )B(, as the two triangles formed
by the diagonals and two opposite sides of a convex quadrilateral, and refer to these triangles as

c

FIGURE 1.

“wings” of the butterfly. FIGUre 1, depicting two butterflies inscribed in a circle, illustrates our main
result:

THEOREM. Let PQ be a fixed chord of a circle. Let )R( and )S( be inscribed in the circle and oriented
such that their wings cut PQ (in order from left to right) at Rs, Rs, Ry, Ry, and S,, Sz, Ss, Sa,
respectively. If PR, = QS:, PR, = QS,, and PR;= QS,, then PR,= QS..

Proof. Consider )R (. Denoting by (UVWX) the double ratio on points U, V, W, and X, we have

sinZPAB . sinZPAQ sinZ PCB | sinZPAQ
sinc BAD  sinZQAD’ sinZBCD ~ sinZQCD

(PR4R30) = (PRleO) =
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Since angles inscribed in the same arc are equal, we deduce that (PR4R;Q) = (PR,R;Q). Expanding
and cancelling, we have

(1) PRs'QR4=PR1'QR2
Ri;R, R/R,

Identical reasoning for )S( establishes that (QS.S;P) = (QS,S,P), by which we obtain

(2) st‘PS4= Qsl'Psz
S5, S8,

Since in the given conditions QS; = PRy, PS;= QR;, and S,S; = R;R,, substitution in (2) gives us
OS3 . PS4: S3S4 = PR1 N ORz: R1R2 Wthh Wlth (1) ylelds OS3 . PS4: S3S4 = PR3 . OR4: R3R4 or, Since
QS5 = PR;,

(3) PS4 . R3 4= QR4 . S3S4.
Now, PS,= PS;+ S3S: and QR,= QR;+ R3R,. Substituting these into (3) yields
PS3 . R3R4+ S3S4 . R3R4 = QR3 . S3S4 + R3R4 . S3S4.

Cancelling the identical terms and taking into account the fact, evident from the given conditions, that
PS; = QR;, we have R;R,= S35, which by subtraction gives us the result PR, = QS..

The reader may verify various special cases of the theorem which occur when, in addition to the
given conditions, (a) R3= R, and S3=3S8,, (b) R,=S4, (¢) Rs=R,=S, and S5=S,=R,, (d) all
intersection points are the same, which is a reduction to the original butterfly problem, or (e)
R3;=R:=R,=8§,=8,= S5, which produces Klamkin’s extension of the problem [1].
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[1] M. S. Klamkin, An extension of the butterfly problem, this MAGAZINE, 38 (1965) 206-208.

The Arithmetic Mean-Geometric Mean Inequality:
A New Proof

KoNG-Ming CHonG
University of Malaya, Kuala Lumpur

In this note, we give a simple inductive proof for the arithmetic mean-geometric mean inequality.
Other inductive proofs already known can be found in [1, §5, pp. 4-5, §11, pp. 9-10, and §13, pp.
11-12], [2, p. 46], [3, §2.6, pp. 18-21], [4] and [5, pp. 285-286].

The inequality concerned is

a,+a+ - +a,
A = _‘___?_n_ =Vaa - a=G,
where ay, az, ..., a, are positive numbers. There is equality if and only if a,=a.="-+ = a,.
Suppose that a; = a,= - - - Z a,. Then, clearly, a, = G = a,, with equality if and only if a, = a. =
-+ =g, and so
n 1
M) ar+a,—(G+2) = & (0~ G)G-a) 2 0.
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Now, the result is true for n = 2. Suppose that it is true for n — 1. Since the geometric mean of the
numbers a,, as,....a.-, and a,a./G is G, the induction hypothesis implies that

aa,
az+a3+"'+an_]+_b_
G =
n—1
. aan
ie., nG = axtast+- - ta.t (G+—'G—)
or nG = a1+ a,+- - +a,

by virtue of (1).
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A Generalized Parallelogram Law

Au1 R. AMIR-MoEz
J. D. HaMILTON
Texas Tech University

Pythagoras’ famous theorem about right triangles can be rephrased by saying that the sum of the
squares of the lengths of the two diagonals of a rectangle is equal to the sum of the squares of the
lengths of the four sides. This result was shown by Apollonius in ancient times to hold for any
parallelogram. If one thinks in terms of two vectors ¢ 7 in Euclidean n-space, E", Apollonius’
theorem may, because of the parallelogram law of vector addition, be stated as | £ + n[*+[|é — 7| =
2| £|P+2||n|P, where || | denotes the usual norm defined in terms of the inner product: || ¢|f = (£ £).
Now in 1935 [1] Jordan and Von Neumann showed that any norm which satisfies the equality in
Apollonius’ theorem is in fact a norm derived from an inner product, for the equation (¢ n)=
HIE+nIP - &= n|P] defines a valid inner product such that || £] = (¢ &)

B C

FIGURE 1

88 MATHEMATICS MAGAZINE


http://www.jstor.org/page/info/about/policies/terms.jsp

We present here a generalization of Apollonius’ theorem which makes an interesting geometric
application of vector algebra. Let ABCD be any quadrilateral. If M and N are the midpoints of the
diagonals AC and BD, respectively, then (AB)* + (BC)* + (CD)*+ (DA )* = (AC) + (BD )} + 4(MN)*
(see FiGUrEe 1). Basically 4(MN) is the appropriate correction factor in the case that the two diagonals
do not bisect each other. To see this we use a coordinate system with A at the origin and think of each
of the points B, C, D, M, N as a vector B, v, &, u, v respectively. Now u =3y and v =3(B + §), so by
direct computation

4MNY =B +o—y[F=IBIF+18IF+1B-vIF+ 18-y -lB-8IF=lvI

which is our original statement in vector language.
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The Quadratic Character of 2 mod p

KEeNNETH S. WiLLIAMS
Carleton University

Here is a very simple proof of the result that

(%) = (—1)e*

for p an odd prime, where the Legendre symbol (2|p) is +1 if 2 is a perfect square mod p and —1
otherwise. In other words, 2 is a perfect square mod p if and only if (p>—1)/8 is even, i.e., if and only if
p =1 or 7 (mod 8). The idea is to look at the number N, of ordered pairs (x, y) — incongruent
modulo p — which satisfy

1 , x*+y*>=4 (mod p), x#0(modp) and Yy ,é‘ 0 (mod p).

As the number of z with z2 = 2 (mod p) is given by 1+ (2| p), the number of solutions (x, y) of (1)
with x = +y (mod p) is 2(1+ (2| p)). Now each solution (x, y) with x # y (mod p) (if any) gives rise
to eight distinct solutions of (1), namely (* x, *y), (£y, £x), so that we have

) N, =242 (%) (mod 8).

Next, transforming the variables x, y to y, t by means of the transformation x = (2— y)t (mod p)
we see that all the solutions of (1) are given by

_( 4 2(t2—1>
(x,)’)—<tz+1’ t2+1 (mOdP)

with 2=t=p-2, 1 # —1(mod p). Thus we have

(3) N,,=p-3—{1+(%)}zp_é,_(_l)w-wz.
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Putting (2) and (3) together we obtain

)

1

Hp— (= 1)°™"%)=3 (mod 4)

1

{+1 (mod 4), if p = 1,7 (mod 8),

~1 (mod 4), if p = 3,5 (mod 8).

- 0(mod2) & p=1,7(mod8),
As(z)= tland%lz{
p 1(mod2) & p =3,5(mod8),

the required result follows.

Spaces in which
Compact Sets are Closed

JamEes E. JosepH
The Federal City College

It is known that if the graph G(g) of a function g: X — Y is compact and compact subsets of X
are closed (compact subsets of Y are closed), then g is continuous (closed) ([1], [2]). In this note, we
prove the following:

THEOREM. If X is a compact space, the following statements are equivalent:
(1) Compact subsets of X are closed.

(2) Any function with a compact graph from X to a space is continuous.
(3) Any function with a compact graph from a space to X is closed.

Proof. In what follows, let 7, and 7, be the projections from X X Y onto X and Y respectively.
To show that (1) implies (2), let g: X — Y be a function with a compact graph and let A C Y be
closed; since m, is continuous, 7;'(A)N G(g) is compact and so the image of this set under m, is
compact; so g '(A)=m [7,'(A)N G(g)] is compact in X and thus closed in X. To see that (2)
implies (3) let g: Y — X have a compact graph, G(g). Let A C Y be closed. Then 7;'(A)N G(g) is
compact, so g(A) = m (7, (A) N G(g))is compact in X. If T is the topology on X, then X is compact
with the simple extension, T(g(A)), of T through the compact set g(A ) and g(A)is T(g(A ))-closed
(see [3]). The identity function i from (X, T) to (X, T(g(A))) has a compact graph since T C T(g(A))
and T(g(A)) C T(g(A)) renders the function h from (X, T(g(A)) to X X X defined by h(x) = (x,x)
continuous and since h(X)= G(i). Thus i is continuous from (2) so g(A)=1i""(g(A)) is T-closed in
X. Finally, to verify that (3) implies (1), let A C X be compact. '

G (i) is compact for the identity function i from (X, T(A)) to X (same reasoning as above) so i is
closed. Since A is T(A)-closed, A is closed in X. This completes the proof.
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Which Nonnegative Matrices
are Self-Inverse?

Frank HARARY
University of Michigan

Henryk Minc
University of California, Santa Barbara

A binary relation, a digraph, and a graph are represented faithfully by their (square) adjacency
matrices which are respectively: binary, binary with zero diagonal, and binary symmetric with zero
diagonal. To determine the self-inverse matrices of these three types, we generalize the question to
nonnegative matrices and then specialize the result.

THEOREM. Let A be a nonnegative matrix with the property that A®=I,. Then there exists a
permutation matrix P such that PAP" is a direct sum of 1-square matrices [1] and 2-square matrices of
[0 a“]
the form A = [a L a>0.
Proof. We first show that if A is an irreducible nonnegative matrix and A* = I,, then either n = 1
-1
and A=[1], or n=2 and A =[g c(z)
Perron-Frobenius theorem (see, e.g., Theorem 5.5.1 in [2]) all eigenvalues of maximum modulus of an
irreducible matrix are distinct. On the other hand, if A% = I, then all the eigenvalues of A are = 1.1t
follows that either n =1 and A =[1] or A has exactly two eigenvalues, 1 and — 1. In the latter case A
is a 2-square nonnegative matrix with trace 0 and determinant —1. Clearly A must be of the form

] for some positive number a. Recall that by the

0 a'
[a 0, ] a>0.
If A is reducible, then there exists a permutation matrix Q such that
r_|[B D]
QAQ - [0 C )

where B and C are square. We show that D = 0 and thus that the result is provable by induction on n.
Now,

B? BD + D
O CZ ’

and therefore BD + DC =0 and B? is an identity matrix. Hence
0=BD + DC = B*D + BDC = D + BDC,

In =A2=(QAOT)2 — [

which implies that D = 0, since all the matrices are nonnegative, completing the proof.

A relation R of order n is a subset of the cartesian product of {1,2, ..., n} with itself. Its adjacency
matrix A (R)= (a;)has a; =1 whenever (i, j) € R and a; = 0 otherwise. A binary matrix has entries
0 and 1 only. Thus every square binary matrix of order n is the adjacency matrix of a relation of order
n and conversely. The theorem immediately implies the next statement.

COROLLARY. A square binary matrix A is self-inverse if and only if there exists a permutation matrix

P such that PAPT is a direct sum of 1-square matrices [1] and 2-square matrices [(1) (1)]

FiGure 1 displays the graphical representation (see [1]) of such a relation. The main point of the
corollary is that the corresponding relation must be symmetric, although this fact is not known a priori.
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O oo BP0

A relation of order n with n, symmetric pairs and n, loops, where 2n,+ n, = n.

FIGURE 1

A proof of the corollary (for relations) can be supplied without using all the machinery in the proof of
the theorem, because one can exploit the fact that the given matrix is binary.

The case of digraphs simply rules out the presence of loops since a digraph is defined as an
irreflexive relation. Thus in FIGURE 1 we would have n, = n/2 symmetric pairs and n,=0 loops.
Finally, since a graph is a symmetric digraph, the resulting adjacency matrices have the same form as
for digraphs, but the proof can be accomplished very easily from first principles.

Research for this paper was supported in part by grants 73-2502 and 72-2164 from the Air Force Office of
Scientific Research.
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Domains of Dominance

Miriam HausMAN
The City College of CUNY

Let f(z) be an entire function,

fe) = 3, L0 o

’

S.(z) the sum of this series for k = n, and R.(z) = f(z)— S.-1(z). Our interest is to determine the
regions for which |R,(z)| is less than or equal to the next term, that is

kad t(k) 2 t(") 2
2 k('O z , (O z"
k=n .

n!

|R.(2)] =

A

This question makes sense for any entire function, but here we solve the problem only for e?, sin z and
Cos 2.

THeorEM 1. Consider the function e® and the regions R, defined for n =0 by

) R)| =2

If ¥~ denotes the closed left half plane Re(z) =0 then ¥ C R, for all n and ¥- = limsup R, (that is,
any point which belongs to infinitely many R, must be in ¥-).

Proof. We first show by induction that every point in the closed left half plane satisfies the set of
inequalities (1). For n =0, (1) yields |Ro(z)|=|e*|=1. Writing z =x +1iy, |e*|=e* =1 if x =0.
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Assume that for some n (1) is satisfied by every point z € #_. It remains to show then that

n+1
< Lz
(2) IR"H(Z)I = (n + 1)!
for all z such that Re(z)=0. Since
. 22 z"
(3) e =1+z+a+~~-+m+R,‘+1(z),

differentiating both sides of (3) with respect to z yields

n—1

. _ z? z
4 e —1+z+2!+. +(n—1)!

d
+ 1 R.i(2).
Equations (3) and (4) imply that
d -
17 R.:1(z)=R.(2)
or equivalently

§) Ronlz) = L " Ru(2)dz.

Let the path from 0 to z = te*® be a straight line. Then the induction hypothesis together with (5)
yields

z |Z|
f R.(z)dz éf |R.(z)|d]|z]
0 0
|z n lz| 4n
= 1i{-d|zy=f Ly
o h: o h!

n+1

_ 1z
RUENS

an+1(Z)| =

Hence #_- C R..
Clearly (1) can hold for all n only in the closed left half plane. For if Re(z) > 1, the inequality for
n=0,|e’| =1 is not satisfied. Since

_ Zn Zn+1 Zn+2
R =it T ey
(1) is equivalent to
2
1+ =2 z =1

i+l (nihmi

Suppose z = te” € limsup &, where t >0 and — 7/2< 6 < 7/2. Then

tcos § t?cos 26
el <
ey T mrpmey T =1
for infinitely many n. This is equivalent to
2
cos B + tcos26 t“cos 30 =0

nt2) T mtdm+3)

for infinitely many n. This implies cos 8 =0, contradicting cos 8 > 0. Hence limsup &, C - and the
proof is complete.
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sinh(y) = sin(x)

sinh(y) = —sin(x)

FIGURE 1

TueoreM 2. Consider the functions sin z and cos z, and the regions R, and R, defined for n = 0 by

©) |R.(2)] = (JZ%%W and  |R.(z)| = (22n)! ,

where R,.(z) and R..(z) correspond to sin z and cos z respectively. Then Ro(z) C Rn(2) N R (2) for all
n, and in fact the only place the set of inequalities (6) can hold for all n is R(z).

Proof. It is necessary to show that every point z € Ro(z)={z||cos z | = 1} satisfies the set of
inequalities (6) for all n. Let z* be a point in the region € defined by [cos z|=1 and 0=Re(z) = =
Consider a straight line path from 0 to z* = t*¢*. Since € is convex (it is bounded by the curves
sinh y = *sin x; see FIGURE 1), this path lies entirely in €. Subdivide this path into 2n + 1 subintervals
by inserting the points zy, z2,.. ., Z2.+1 = z* where z, = t,e”, then

|R.(z*)] = U ff ' cis zdzdz, dzs... dza
0 0 0

122411 £
éf f lcosz|d|z|d|zi|...d]|z2]
0 . 1]

éf -~-fl1dt.‘.dt2,.
0 0

t*2n+1 *|2n+1

- _lz
T @en+l) T @+

Similarly subdividing the path from 0 to z* into 2n subintervals, yields

|R.(z%)| = ‘f T f 2[ "coszdzdz, ... dzams
0 0 [
z

* |2n
<

= @n)
Clearly if z € R(z), Re(z)Z[0, 7], then z=z**nm where 0=Re(z*)=m. Since |cosz| =
|cos(z* = nm)| = |cosz*| and |sinz|=]sin(z* = nm)|=|sin z*| the set of inequalities (6) is now
satisfied by all z € %o(2).
In conclusion, we see that the only place all the inequalities (6) can hold is in the region %o(z). For
if |cos z| > 1, the inequality when n =0, | Ro(z)| =]|cos z| =1 is not satisfied.
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r203Lcl

DaN Eusrice, Editor
Leroy MEYERs, Associate Editor
The Ohio State University

Proposals

To be considered for publication, solutions
should be mailed before October 1, 1976.

970. A plus or minus sign is assigned randomly to each of the numbers 1,2,3,..., n. What are the
probabilities that the sum of the signed numbers is positive, negative, and zero? [Martin Berman,
Bronx Community College.]

971. In designing pipes and other conduits it is usually desirable to enclose the maximum
cross-sectional area for a given weight of pipe. Mathematically, this may be simplified by enclosing the
maximum area for a given perimeter.

Dual ducts are often used to convey fluids in two directions. They have a portion of their perimeter
in common. For example, two equal squares, each of side s are placed to share a common side. The
total perimeter is 7s and the total cross-sectional area is 2s°. Thus, the ratio of the area to the square
of the perimeter is 2/49. Assume equal cross-sectional area of the two ducts.

(i) Which regular polygon is the most efficient for use as a dual duct?

(ii))* Which contour is the most efficient for use as a dual duct?

[Sidney Kravitz, Dover, New Jersey.]

972. Prove or disprove that the set of all positive rational numbers can be arranged in an infinite
sequence, {a.}, such that {(a.)""} is convergent. [Marius Solomon, Student, University of Pennsyl-
vania.]

973*. Let N be an odd number; if the period of N~"is P in base b, and if N*|b® — 1, then the period
of N™" in base b is PN""'. [Robert Cranga, University of Paris.]

974. Let n''=n(n—1)---(n—i+1). For k a positive integer, evaluate

g
.. n

Limit >, ——5 .
Pt 21 @n+ k)M

[John P. Hoyt, Indiana, Pennsylvania.)

ASSISTANT EDITORS: DoN BONAR, Denison University ; WILLIAM MCWORTER, The Ohio State University.

We invite readers to submit problems believed to be new. Proposals should be accompanied by solutions, when
available, and by any information that will assist the editors. Solutions to published problems should be submitted on
separate, signed sheets. An asterisk (*) will be placed by a problem to indicate that the proposer did not supply a
solution. A problem submitted as a Quickie should be one that has a succinct unexpected solution. Readers desiring
acknowledgement of their communications should include a self-addressed stamped card. Send all communications
to this department to Dan Eustice, The Ohio State University, 231 W. 18th Ave., Columbus, Ohio 43210.
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975. In FiGure 1, n, the length of the base, is 5 units, and f(n), the number of different regular
hexagons, is 6. Find a formula for f(n). [Charles L. Hamberg, Prairie View, Illinois, and Thomas M.
Green, San Pablo, California.]

A,

eB

FIGURE 1 FIGURE 2

976. A road is to be built connecting two towns separated by a river whose banks are concentric
circular arcs (see FIGURE 2). If the road must bridge the river banks orthogonally, describe the
minimum length road (assuming coplanarity). [Miller Puckette and Steven Tschanz, 1975 U.S.A.
International Mathematical Olympiad Team.]

977. Let x and y be two integers with 1 < x <y and x + y = 100. Suppose Ms. S. is given the value of
x +y and Mr. P. is given the value of xy.

(1) Mr. P. says: “I don’t know the values of x and y.”

(2) Ms. S. replies: “I knew that you didn’t know the values.”

(3) Mr. P. responds: “Oh, then I do know the values of x and y.”

(4) Mr. S. exclaims: “Oh, then so do 1.”
What are the values of x and y? [David J. Sprows, Villanova University.]

Editor’s Comment. Proposal 977 is a succinct variation of some past problems in the Amer. Math.
Monthly, especially E776, E1126, and E1156.

Quickies

Solutions to Quickies appear at the
conclusion of the Problems section.

Q633. The sum of the first eight positive integers is 36, a perfect square. Are there any other values of
k for which the sum of the first k positive integers is a perfect square? Are there infinitely many k? [J.
D. Baum, Oberlin College.)

Q634. 1f a, b, ¢, d are positive integers where ab = cd, show that a*+b*+c*+d? is always

composite. [M. S. Klamkin, University of Waterloo.]
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Solutions

Two Octahedrons March 1975

929. Show that there are only two octahedrons with equilateral triangular faces. [Charles W. Trigg,
San Diego, California.]

Solution: Any octahedron must obey Euler’s Formula and as these are to have triangular faces,
the only solution would be 8 faces, 12 edges and 6 vertices. Considering the connectivity of the faces at
each of the vertices, observe that each vertex must be adjacent to 3, 4 or 5 faces. No other possibility
exists due to the sum of the angles involved. The sum of the connectivities at the vertices also must be
24 (8 faces each with 3 vertices). Thus there are only four possible combinations of connectivity at the
vertices. These are 4-4-4-4-4-4, 3-3-4-4-5-5, 3-4-4-4-4-5 or 3-3-3-5-5-5. The graphs correspond-
ing to these four situations may be sketched and the first two cases easily found to be planar. The
second two cases have the following adjacency graphs.

4<——=5———4

2K

Eliminating the dashed edges, both graphs are seen to contain Kj; and thus be nonplanar by
Kuratowski’s theorem. Therefore the only possible octahedrons with equilateral triangular faces are
the 4-4-4-4-4-4 regular and the 3-3-4-4-5-5 “tent”.

Larry M. Hopkins
Gogebic Community College

Also solved by Michael Goldberg and the proposer.

A System of Equations March 1975
930. Solve the system of equations (i — @i+1)(Xi+1— Giv3) = diez, i = 1,2,..., n, for the x’s where
Qnvi = @iy Xuvi = X, and a0y - a, #0. [M. S. Klamkin, University of Waterloo.]

Solution: Let y, = x, — ai.; (#0), i =1,2,..., n. The given equations reduce to
(*) Yivr— Qivz = — a;rz ()’i - ai+2)’

Yi = Yn+is l'=1,2,..‘,n.

Suppose y; = ai+ for some i =1,2,...n; then y; = ai.. for all i =1,2,..., n. A solution is therefore
furnished by y; = ai.», i€,

Xi = Aiv1t Qiva, i=12,...,n
If y;# i+, for all i =1,2,...,n, then we have

H,'y,' = (— l)n Hia;.
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This indicates that we may have solutions of the form

Vi = Qisz t ki,
where k;#0, ki = ko.i, i =1,2,...,n (%) gives
1,11
(**) ki * kit - Qiva

We distinguish between the following two cases:
(1) n is odd. From (#*)

2 (1 1\ (1 .1
e G (o)
1 1 1 1
a <E + E) + <kl—l + k:
i, 1
Ai+2 Ai+3 a; Ai+1
(-8 C
p=2 ai+p

(2) n iseven. (#*)is consistent if and only if =/, ((— 1)/a;) = 0. Under this condition, we have
n=l 1V (n —
_I:- = (=1)*A +% > (_lM"_R),
i p=1

where A is a parameter. (A standard algorithm leads to a solution in which x, = A, is a parameter; the
above expression is obtained by symmetrizing this parametric solution.) Thus, if n is even and if

i=1

Ai+p-1

the given system admits, besides the obvious solution x; = g;+1 + gi+», an infinite number of solutions
given by
. 1 n—1 _1 D n— -1
X =Gt et {(—1)'“/\ +=> D =p) ,
n p=1 Aivp+1

where A is an arbitrary parameter except that it cannot be chosen to make any 1/k; vanish.
PauL Y. H. Ywu
University of Hong Kong

Also solved by J. C. Binz (Switzerland), Thomas Elsner, Richard A. Groeneveld, Temple University Problem
Solving Group, and the proposer. Partial solutions by Michael Goldberg and Robert M. Hashway.

Logically Speaking March 1975

931. For each r = n in a list of n statements, the rth statement is: “The number of false statements in
this list is greater than r.” Determine the truth value of each statement. [Alan Wayne, Holiday,
Florida.]

Solution: Let p be the number of false statements. Then the first p — 1 statements are true and the
last p statements are false. This implies that n must be odd. To see this another way suppose n is even.
Let p be as above, ¢ equal the number of true statements and S; be statement i,

Case 1. If t = p, then S, is true. But S,,, would say p > n/2, a contradiction.
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Case 11. If t > p, then S, is true. But S, .., states p >n/2+1,and so t >p > n/2+1. Hence
t+p>2(n/2+1)> n. This contradicts the fact that p +¢=n. '

Case 1II. If t <p, then S, is false. Then p=n/2—1andso t<p=n/2—1 Hence t+p <
2(n/2—1)<2n. Contradiction. So n is not even.
RAYMOND A. MaRrucA
Delaware County Community College

Also solved by Clayton W. Dodge, Michael W. Ecker, Thomas E. Elsner, Gino T. Fala, Donald G. Fuller,
Richard A. Gibbs & William C. Ramaley, Michael Goldberg, Ronald Gutman, Chandra M. R. Kinalta, N. J.
Kuenzi & John Oman, Mary Helen Manning, William Nuesslein, C. B. A. Peck, Daniel Mark Rosenblum, Joseph
Silverman, Brian Smithgall, Temple University Problem Solving Group, G. Wedderburn, Kathy Woerner, Ken
Yocom, Y. H. Yiu (Hong Kong), and the proposer.

Connected Sets March 1975

932. Is there a topology for the set of real n-tuples other than the Euclidean topology, relative to
which the family of connected sets is exactly the usual one? [R. A. Struble, N. C. State University at
Raleigh.]

Solution: Yes. Let € be the Euclidean topology on R", and define % by %=
€ U{UNR"Q")|UE %}. Qis the set of rational numbers. Now R* € # and B,, B, € # implies
that B, N B, € B. Hence there exists a unique topology J on R" such that 3 is a base for J. Note
that € CJ but §# J.

If A CR" is &-disconnected, then A is also 7 -disconnected, since € C J.

Conversely, suppose A CR" is J-disconnected. Let T4, €4 be the subspace topologies on A

“induced by 7, € and let {V, W} C T4 be a Ja-separation of A. If {V, W} C &,, then A is
€-disconnected and we’re done. So suppose without loss of generality that V& 4. Then there exists
an x € V such that x € U implies that U N W # & for each U € €. However, there exists a U* € &
such that x€ U*N(R"\Q")N A C V. Note that U* N (R"\Q")N W# .

Pick y € U*N W. Using the facts that U*N A € %4 and €4 C T we may conclude that
U*NW=U*NANWE J, Hence there exists a B € % suchthat y EBNA CU*N W.Now B
cannot be of the type U N(R"\Q") for some U € &, because we've already noted that U* N
R"\Q")N W =(. Hence BE €.

Now select irrationals u;, Uz...,Un, U, Uz...,0, such that the n-cell S=
{(x, %2, ..., %) ER |, = x; =, for i =1,2,..., n} satisfies:
(i) S CB;

(i) y EinteS ={(x1, X2,..., %) ER" s <x; <v; for i =1,2,...,n}.
Note that (x,Xa,...,%.)EbdysS implies x; is irrational for some i, 1=i=n, which implies
(X1, %2, ..., %, ) ER™\Q".

Hence bdy«S CR"\Q", so that (bdy«S)N (R"\Q") = bdysS.

* (bdyzS)N A = (bdy«S) N A N(R"\Q")
CBNANRYQY
CU*NWNR"Q")=.
Therefore

ANS=AnN(inteS UbdyeS)
=[A N (intgS)] U [A NbdyeS]
=AN(intzS)E &a.
Note that yE A NS. Also x EA\S=A NR"\S)E &..
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So {ANS, A\S} C &, is an €a separation of A and A is €-disconnected.
ToM GEARHART, Graduate Student
The Ohio State University

Also solved by the proposer.

The Limit is e March 1975
933, Show that

- n
l,l,g.llt 1223 n )™ =e.
[Norman Schaumberger, Bronx Community College.]
Solution: In view of the identity
(n . nz. n3‘ . nn)4/n2. n——Z/n — nz

and the well-known limit relation lim,—..n"" =1, we have only to prove
2 .3 n\ 4/n
nentndeon
(W) =P, tends to e as n—x,
Taking the natural logarithm, we see

log P, = —iz i

which in turn tends to —4 [5x logxdx =1 as n —> .

:Ix-
=I>¢-
=|x-

43
= a2

KoicHr Sato, Student
To6hoku University (Japan)
Also solved by M. Ahuja & Leonard Palmer, Melven Billik, J. C. Binz (Switzerland), M. T. Bird, C. S. Brocato
& J. M. Stark, Roy E. DeMeo, Irwin Feinstein, Stanley Fox, Ralph Garfield, Leon Gerber, M. G. Greening
(Australia), Richard A. Groeneveld, Shyam Johari, Steven Kahan, Carl P. McCarty, William Nuesslein, T. K.
PuttaSwamy, Richard Renner, Harry D. Ruderman, Joseph Silverman, F. G. Schmitt, Jr., L. Van Hamme
(Belgium), B. Watson (Canada), Ken Yocom, and the proposer.

A Subset of Integers March 1975

934. From the first kn positive integers, choose a subset, K, consisting of (k —1)n+1 distinct
integers. Prove that at least one member of K is the sum of kK members (not necessarily distinct) of K.
[Erwin Just, Bronx Community College.]

Solution: Note that kn —[(k —1)n + 1] = n — 1 integers are missing from K. Consider 2n integers
paired into n pairs, thus:

(1,k),(2,2k),(3,3k),...,(n = 1,(n — Dk),(n, nk).

Each of these 2n integers is among the set of the first kn positive integers, and at most n — 1 of these
2n integers are missing from K. Since there are n such pairs, at least one complete pair remains in K.
But the second element in any such pair is the sum of k of the first pair, and hence at least one
member of K is the sum of k members (definitely not distinct in this construction) of K.
DonaLp C. FULLER
Gainesville Junior College

Also solved by J. C. Binz (Switzerland), Richard Gibbs, Michael Goldberg, Graham Lord, J. M. Stark, G.
Wedderburn, Kenneth M. Wilke, and the proposer.
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An Inequality for Triangles March 1975

936.* It is known that h, + hs + h. = V/3s, where the h’s represent altitudes to sides a, b, and ¢ and s
represents the semiperimeter of triangle ABC. Prove or disprove the stronger inequality £, + & +
m. =V3s, where the t’s are the angle bisectors and m, is the median to side c. [Jack Garfunkel,
Flushing, New York.)

Solution:  Upper and lower bounds of m, + m, + m. are 25 and 3s/2, respectively. When the sum
of the medians lies between 3s/2 and s\/3, the result £, + t, + m. = mg + my + m. =sV3 is trivial,
equality holding if and only if the triangle is equilateral. We may therefore focus our attention on
those cases where the sum of the medians exceeds sV/3.

Since 4bc = (b + ¢ )* with equality if and only if b = ¢ (with a similar inequality connecting a and
¢), it is apparent that m,[4bc/(b + c)’]+ my[dac/(a + ¢ )]+ m. = m, + my + m,, equality holding
only when a = b = ¢, that is, when the triangle is equilateral and m, + m, + m. = sV3. Consequently
the left side of the inequality attains its maximum value of sV/3 only when m, = m, = m, and remains
less than s'V'3 when the triangle is not equilateral.

By the result of problem E2471 [Amer. Math. Monthly, 1974, 406], it is known that 1, =
mg[4bc/(b + ¢ )] and that &, = ms[4ac/(a + ¢ )], with equality only when b = ¢ and a = ¢ respec-
tively. We may therefore write the chain of inequalities

(1) fo ¥ty + m. = ma[4bc/(b + )] + my[4ac/(a + ¢ )] + m. =sV/3.

When m, + m, + m. exceeds sV/3, the triangle cannot be equilateral and the chain of inequalities (1)
remains valid since the central sum cannot exceed sV/3.

For example, if a =17, b =8 and c =15, the sum of the lengths of the medians is 34.99 +,
sV3=3464+, while m,[4bc/(b+c)’]+m,[dac/(a+c)]+m.=3414+ and t,+t, +m =
33.80+. If m, is the unweighted median, the sum is 33.508 +, corresponding to m, +# +t. =
3329+. If m, is unweighted, the sum is 32.78 + while ¢, + m, + £. is equal to 32.23 +. Similar
examples can easily be constructed.

LEON BANKOFF
Los Angeles, California

Also solved by W. A. Sentance (England).

Answers

Solutions to the Quickies which appear
near the beginning of the Problems section.

Q633. If the sum is a square, say n”, then k> + k —2n? = 0. Using the quadratic formula, since k >0,
we have k = (—1++/(1 +8n?))/2. Since k is an integer, there is an integer p such that 1+ 8n*= p? or
p?=2(2n)*=1. This is a Pell equation which may be solved by standard means (see, for example,
Niven and Zuckerman, An Introduction to the Theory of Numbers, 3rd ed., 1972, 172-175). Thus,
triples (n, p, k): (6,17,8), (35,99, 49), (204, 577,288), etc., generate solutions. Since the Pell equation
has infinitely many solutions, we find infinitely many k and n which solve the problem.

Q634. Since d = ab/c, a =mn, b=rs, c = mr, d = ns. Then,
arb?+ct+d*=(m*+s?)(n+r?).

This problem appeared on a West German Olympiad.
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BULK SUBSCRIPTIONS

To make it more attractive for mathe-
matics departments to place Mathematics
Magazine in the hands of their better
undergraduates, the M.A.A. has authori-
zed a bulk subscription rate of $3.00
per year for orders of five or more
copies to a single address. Orders
must be placed by department chairmen
on official letterhead, must state that
the copies are to be used by under-
graduate students, and must include pay-
ment or a purchase order. Bulk sub-
scriptions must be for one year begin-
ning either in January or in September
and should be sent to: The Mathematical
Association of America, 1225 Connecticut
Avenue, N.W., Washington, D.C. 20036.

NINE ODD RECIPROCALS

In his “Expressing One as a Sum of
0dd Reciprocals" (this Magazine,
January 1976, p. 31), E.J. Barbeau ex-
pressed 1 as a sum of 13 distinct odd
reciprocals, and asks if 11 or 9 is
possible. Nine is indeed possible; a
computer program revealed five such
solutions. A1l five include {3,5,7,9,
11,15}. The other three elements can
be {21,135,10395} , {21,165,693} ,
{21,231,315}, {33,45,385} , or {35,45,
231}. The program took 0.356 seconds
to compile and execute on a CDC 7600.

Peter L. Montgomery
System Development Corp.
Huntsville

Alabama 35805

TRISECTOR REFERENCES

The angle trisector mentioned in
George B. Miller's letter (this Maga-
zine, January 1976, pp. 50-51) was
first developed about a century ago by
a London barrister, Alfred Bray Kempe.
Kempe's angle trisector is mentioned,
for example, in Joseph Hilsenrath's
"Linkages" in The Mathematics Teacher,

102

October 1937, pp. 277-284, and also in
my "Linkages as Visual Aids" in The

Mathematics Teacher, December 1946, pp.
277-284.

Bruce E. Meserve
Fairfax
Vermont 05454

TRANSPOSABLE INTEGERS

In Steven Kahan's interesting article
(this Magaazine, January 1976, pp. 27-28)
his "k-transposable" integers are "k-
right-transposable" since each is formed
by transferring the leftmost digit to
the right to become the units digit. A
"k-left-transposable" integer is formed
by transferring the units digit zo to
the left to become the leftmost digit.
Kahan has shown that all k-right-trans-
posable integers are obtained from the
decimal expansions of the two fractions
1/7 and 2/7; namely, 142857 and
285714 . It can be shown That all k-
left-tfansposable integers are obtained
from the decimal expansions of the
thirty-six fractions defined by
xo/(10k - 1), in which 1 <k < @ <
(10k - 1)/k.  For example, if xp = 6
and k = 4, the fraction 6/39 yields
153846, , which multiplied by 4 becomes
615384, .

Alan Wayne
Holiday
Florida 33589

A SHORTER PROOF

Here is a shorter deriyvation of the
forms of the "curious sequence" dis-
cussed by Steven Kahan (this Magazine,
November 1975, pp. 290-291). The
number %k 1is at the same time the
number of members of the sequence
{ni} and the sum of these members:

k=1 k=1
= 3 = X

=]

k in.

n.
T

MATHEMATICS MAGAZINE


http://www.jstor.org/page/info/about/policies/terms.jsp

By subtraction
k-1
(*) ng = iEZ (fp-'l)ni .

If no =4 >3, (*¥) implies nj =
nyg =1, and n; =0 for <2 23, <#J
therefore n, =2 and k=4 +4>7.
For each k > 7 there is an unique
solution (k-4,2,1,0,...,0,1,0,0,0).

Let no = 2. Now #,>1, and with
(*) follows that n, =2, n; =0 for
>3. There are two solutions (2,0,2,0)
and (2,1,2,0,0).

T,

If, finally, ng = 1, (*) gives
ny =1, n, =0 for < >3, and hence
ny = 2, k= 4; the solution is
(1,2,1,0).

J.C. Binz
Universitdt Bern
Bern, Switzerland

A BIG MEMORY

Charles J. Mifsud (this Magazine,
May 1975, pp. 174-176) concludes in his
paper "On the Representation of a Pos-
sible Solution Set of Fermat's Last
Theorem" that to discover a solution
set for Fermat's Last Theorem, a compu-
ter would have to deal with numbers
haviqg.almost 188 million digits of
precision.

My father established in 1934 (4dmer.
Math. Monthly, 41 (1934) 419-424)
that Fermat's equation &% + yn = g7
cannot be satisfied by integers x5 Y,
2, n, where x, y, 2 20 mod 7, un-
less the smallest of a, Y, 28 exceeds
n(2n + 1)”. Accepting n» = 25,000, as
c!ted by Mr. Mifsud, one needs a memory
with over 2,900,000,000 base 10 digits.
Is t@ere a reference for larger sized
requirements where »n divides one of
x, Yy, or g?

Glenn D. James
Los Angeles City Coll.
Los Angeles
California 90029
WHAT DID HAMILTON KNOW?

Professor Schenkman's article "A
group theoretic presentation of the al-

VOL. 49, NO. 2, MARCH 1976

ternating group on five symbols, 4s,"
(this Magazine, May 1975, pp. 170-171)
seems to be a rediscovery. On page 138
of Coxeter and Moser's Generators and
Relations for Discrete Groups
(Springer, 1957), the definition R® =
S% = (RS)® =1 is attributed to W.R.
Hamilton, Phil. Mag. (4) 12 (1856)1p.

856. Just set a = S5-'r-!, b = R-1,

and (since S-! = ab) you have
Schenkman's proposition. Indeed,
Hamilton would have written B-2 = §-3 =

(rS)=% =1 if he had anticipated what
Schenkman was going to discover!

Joel Brenner
Palo Alto
California 94303

Professor Brenner apparently fails
to appreciate the fact that I prove in
my article that PL(2,5) & 45 =
Gla,bla® = 1 = b2 = (ab)?®). This is
not done either in Coxeter and Moser,
or by Hamilton; in fact the notion of a
group in terms of generators and rela-
tions was probably not formalized till
this century, though the old masters
certainly understood more than they
wrote down.

Eugene Schenkman
Purdue University
Lafayette

Indiana 47907

RECOUNTING LINES

The "counting 1ine" technique for
plane dissection problems featured on
your January cover and utilized by J.W.
Freeman in his note "The Number of
Regions Determined by a Convex Polygon"
(this Magazine, January 1976, pp. 23-
25) is due to Bro. Alfred Brousseau
("A Mathematician's Progress", Math.
Teacher 59 (1966) 722-727) and is now
fairly well know. Brousseau's method
solves, not to say elegantly, many in-
teresting partition problems. Using
Brousseau's technique, Jeanne W. Kerr
and I have recently determined the
number of cells formed in space by the
(extended) face-planes of the Platonic
solids; and G.L. Alexanderson and I as
well as Curtis Greene and Thomas
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Zaslavsky have obtained various analogs
and generalizations in higher dimen-
sions.

The problem of counting the regions
formed by #» nonparallel lines that
meet to form W¥. points of multiplicity
2 (for 2 <% <n), solved by Freeman
on page 24, is also nearly a decade old,

having been posed by J.A. Burslem (E1869,

Amer. Math. Monthly 73 (1966) 309) and
solved by Harley Flanders (4mer. Math.
Monthly 74 (1967) 864-865).

John E. Wetzel
University of I1linois
Urbana

I1Tinois 61801

], 2, 4; 8, ]69

The application of Euler's Formula
to Pick's Theorem given in the article
“Triangulation and Pick's Theorem"
(this Magazine, January 1976, pp. 35-
37) should serve as a model for the
mathematician‘s peculiar use of the
word "elegant." On the margins of this
article I have scribbled myself the
following note: Use this technique to
determine the region count & discussed
on page 23. For that count the 2-copy
spherical configuration has = + 2(%)
vertices and (%) + 4(%) edges. (Each
of the (%) interior points interrupts
2 of the (%) chords producing--as
doubled on the sphere--4 additional

ANSWERS AND HINTS FOR ...

In January we printed in this column
the questions from the 36th William
Lowell Putnam Examination, administered
on Decembey 6, 1975. To assist those
readers who have been puzzling over
these problems for the past two months,
we provide here answers and hints as
prepared by the. Putnam examination com-
mittee. The official report on the re-
sults of the competition, inecluding
names of the winners and complete sample
solutions, will be published late this
year in the American Mathematical
Monthly.

A-1. Supposing that an integer =
is the sum of two triangular numbers,
n = g{a® + a) + 3(b* + b), write
4n +'1 as the sum of two squares,
dn + 1 = z% + y2, and show how = and
y can be expressed in terms of a and
b. Show that, conversely, if 4dn + 1 =
z? + y? , then =n is the sum of two
triangular numbers. -

Ans. zx=a+b+1,y=a->b. For
the converse, exactly one of x and y
is odd; then the desired integers are
a = (xty-1)/2 and » = (x-y-1)/2.

A-2. For which ordered pairs of
real numbers b, ¢ do both roots of
the quadratic equation 22 + bz + ¢ =0
Tie inside the unit disk {]z]| < 1} in
the complex plane?

Ans. The desired region in the be-
plane is.the inside of the triangle
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bounded by the lines Lji:e =1, L,:
e-b+1=0,and Lyie+ b +1=0.
Let the roots of the quadratic be r
and s. Above, on, and below L; one
has |rs| > 1, |rs| = 1, .and |rs| < 1,
respectively. Below, on, ,and above I,
one has (»+1)(s+1) less than, equal
to, and greater than 0, respectively.
Below, on, and above ZLj; one has
(r-1)(s-1) 1less than, equal to, and
greater than 0, respectively.

) A-3. Let a, bs; ¢ be constants
with Q@ <a<b<e, At what points
of the set f{zP +yb + 3z = 1,
x>0, 5 2>0, 2 >0} in three-dimen-
siondl space R&?® dges the function
Fla, y, 2) = 2%+ yP + 2° assume its
maximum and minimum values?

Ans. Let =z, = (a/b)]/(b'a) and
2y = (b/c)]/(c'b). The point
(@o» [1 - 251/P, 0) maximizes both

-2 and 2% - 22 and so maximizes
£ subject to &£ +yP + 2P = 1. Simi-
larly, (0, [1 - z%]]/b, z9) gives the

minimum. There are no other solutions.

A-4. Let = = 2m, where m
odd integer greater than 1.
8 = 2M/n, Express (1 - 8)7!
plicitly as a polynomial in 8,

k k-1
ake + ak_]6 + ... 4 a]6 +a

with integer coefficients a.

is an
Let
ex-

0’
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edges.) Substitution into Euler's
Formula gives n = (7) + (";1).

If this polygonal configuration is
placed in a circle, adding = regions,
the new count is given by a, =¥+ n =
() + (%). The nice thing about the se-
quence {a_} --especially since we now
have such & neat way to get at its for-
mula--is that it gives an example show-
ing how untrustworthy "patterns" can
be, for its first six terms are 1, 2,

4, 8, 16, 31.

John Staib

Drexel University
Philadelphia
Pennsylvania 19104

v+ THE 1975
Ans. Let k = (n-2)/4. Then
(1-0)" " =6+ 03+ 65+ ... +02k1_
1+ 62 + 94 + ...t 92k as one can

show using 62k+] -1#0,6+1#0,

and 0=0" - 1= (251 _ 1)(6 + 1)
(62k _ gkl g g2k-2 gy 1).

A-5. On some interval I of the
real line, let yi(x) and y,(x) be
linearly independent solutions of the
differential equation y" = f(z)y,
where f(x) 1is a continuous real-
valued function. Suppose that
yi(x) > Q and yz@rg >0 on I.

Show that there exists a positive con-
stant ¢ such that, on I, the func-
tion z(x) = evy1(x)y.(x) satisfies
the equation z" + 2% = f(x)z. State
clearly the manner in which ¢ de-
pends on yi(x) and ya(x).

Ans. The answer for ¢ is V2/w,
where w» 1is the Wronskian yiy3 -
yayl, which is constant since w' =
ye" - yey1" = yafyz - yofyr = 0.

A-6. Let Py, P, P; be the ver-
tices of an acute-angled triangle
situated in three-dimensional space.
Show that it is always possible to
locate two additional points P, and
Ps 1in such a way that no three of the
points are collinear and so that the
line through any two of the five points
is perpendicular to the plane deter-
mined by the other three.
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PERIODIC PROOFS

Readers interested in the theorem
that a measurable function with arbi-
trarily small periods is equivalent to
a constant (H. Burkill, this Magazine,
September 1974, pp. 206-210) might Tike
to know of the existence of some other
proofs: R. Hartman and R. Kershner,
Amer. J. Math., 59, 809-822 (1937) (p.
815); R.P. Boas, Nieuw Archief voor
g?sggnde (3) 5 (1957), 25; (3) 1 (1953),

R.P. Boas
Northwestern Uniy.
Evanston

I1linois 60201

PUTNAM EXAMINATION

Ans. Let <, J, k be any permuta-
tion of 1, 2, 3 and let @; be the
foot of the perpendicular from 7. to
line P.P,. Let H be the orthokenter
of AP1$2P3, i.e., intersection of

lines P1Q1, P2Q,, and P3Qs. Let
|x¥| mean the length of segment xv.
Then P\H 'IHQ]_I = IPzH"'HQzI =
|P3sH|+ |HQ3|. One must choose P,
and Ps on either half line from &
perpendicular to plane P;P,P; s0O
that |P.E| # 0, |PuyH| # |PsH|, and
|Pu | |PsH| = |PyH|" |HG, |.

B-1. In the additive group of

ordered pairs of integers (m, n)

[with addition defined componentwise:
(m, n) + (m*, n') = (mtm', wtn')] con-
sider the subgroup X generated by the
three elements (3, 8), (4, -1), (5, 4).
Then E Hhas another set of generators
of the form (1, B), (U, a) for some
integers g, » with « > 0. Find «a.

Ans. The answer is a = 7. Also
one must have » =5 (mod 7). Proof:
The subgroup H must contain 4(3,8) -
3(4,-1) = (0,35), 4(5,4) - 5(4,-1) =
(0,21), and then 2(0,21) - (0,35) =
(0,7). Now (0,7)and (1,b) will gene-
rate # iff (1,b) is in # and
there exist integers u, v, and w
such that (3,8) = 3(1,b) + u(0,7),
(4,-1) = 4(1,p) + v(0,7), (5,4) =
5(1,b6) + w(0,7). These hold iff 8 =
3b+7u, -1 = 4p+7v, and 4 = 5p + 7w.
With » =5+ 7k, k any integer, the
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desired coefficients u, v, and w
exist in the form w = -1 -3k, v =
-3 - 4k, w = -3 - 5k. It now suffices
to let k =0 and to note that

(1,5) = (4,-1) - (3,8) + 2(0,7) is in
H.

B-2. In three-dimensional Euclide-
an space, define a slab to be the open
set of points lying between two paral-
lel planes. The distance between the
planes is called the thickness of the
slab. Given an infinite sequence
Sis S25 ... of slabs of thicknesses
dys das ..., respectively, such that
% d; converges, prove that there is
some point in the space which is not
contained in any of the slabs.

4dns. Let Id; =d and let S be
a sphere of rad1us r > df2. The area
of S contained in slab sS; 1is at
most 2md;. It follows that the area
of S contalned in the union of the
slabs S; is at most 2nd < 4mr =
(area of S). Hence there are points
of S that are not in any of the
slabs.

B-3. Let s (g s «..s @) denote
the k:th e]emen%ary symmetrqc function
of als +vvs ay. With % held fixed,
find the supremum (ur least upper
bound) u, of

sk(a], ey an)/[s'l(a]s ceas an)]k

for arbitrary = > k and arbitrary
n-tuples of ay, ..., a, of positive
real numbers.

Ans. In the expansion of sk =
(a1 + az + ... +a,)k , every tdm of
sy appears with k! as coefficient
and the other coef£1c1ents are nonnega-
tive. Hence sk/s 1/k! If we let
each a, = 1,

%k _ _(_7_72_)_ - n(n-1)...(n-k+1)
sl-f nk k'nk
-Lo-ho-3 ok
which approaches 1/k! as %k is held
fixed and = goes to infinity. These

facts show that the supremum ¥, is
1/x1. k
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B-4. Does there exist a subset B
of the unit circle «® + y2 =1 such
that (i) B 1is topologically closed,
and (ii) B contains exactly one point
from each pair of diametrically op-
posite points on the circle?

Ans. No. Since the mapping with
(2, y)>(~2, -y) 1is a homeomorphism of
the unit circle on itself, the comple-
ment -B of such a subset B would
also be closed. Thus the existence of
such a B would make ¢ the union
-BuC¢ of disjoint nonempty closed sub-
sets; this would contradict the fact
that ¢ is connected.

B-5. Let fyla) = & and f 4 () =
afy'(x) for n=0, ], 2, ... Show
that I £ (1)/nl = ee.

Ans. Slnce fole) = L = /k., one
easily shaws b{ mathemai1ca1 induct-
ion that f,,(x) = & ¥"%/k!. Then,
since all terms are p051t1ve, one has

I QYn! =zt Yxinl =

nw " n k

£ (/&) KYnl = 1 Kkl = &°
k n k

B-6. Show that if s, = 1+ % + %

+...+l then (a) n(n+1)]/n<n+s
for »n > 1 and (b) (n - 1)n” -1/(n-1)
n-s, for = > 2.

Ans. Both parts are done easily us-
ing the inequality on the means. For
(a?, one has

nts, (1+1)+(1+%)+ e + (1+%)

n

>\n/(1+1)(1%)...(1+}7) = ()17

and so n +s > n(n+'l)]/" . For (b),
one has "

mws, (=g (1. +(1-])

n o 2 37 n

n-1 7n-1
SN mn v T . -1/(n-1

Nahah. gl < ) e

-1/(n-1)

and so n-s > (n-1)n
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Just published—the new

MAA STUDIES IN MATHEMATICS

Volume 11: STUDIES IN GRAPH THEORY, PART I
Volume 12: STUDIES IN GRAPH THEORY, PART II

Edited by D. R. Fulkerson, Cornell University

Volume 11
Preface D. R. Fulkerson
Perfect Graphs Claude Berge
Transversal Theory and Graphs R. A. Brualdi
On the Shortest Route Through a Network G. B. Dantzig
Electrical Network Models R. J. Duffin
Flow Networks and Combinatorial Operations Research D. R. Fulkerson
Multi-Terminal Flows in a Network R.E. Gomory and T. C. Hu
Volume 12
Polytopal Graphs Branko Griinbaum
Eigenvalues of Graphs A. J. Hoffman

On the Axiomatic Foundations of the
Theories of Directed Linear Graphs, Electrical

Networks and Network-Programming G. J. Minty
Hamiltonian Circuits C. St. J. A. Nash-Williams
Chromials W. T. Tutte

Kempe Chains and the Four Colour Problem
Hassler Whitney and W. T. Tutte

One copy of each volume in this series may be purchased by individual mem-
bers of the Association for $5.00 each; additional copies and copies for non-
members are priced at $10.00. Special price for the two-volume set: $9.00; for
nonmembers the price is $18.00.

Orders with remittance should be sent to:

MATHEMATICAL ASSOCIATION OF AMERICA
1225 Connecticut Avenue, N.W.
Washington, D.C. 20036
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ELEMENTARY STATISTICAL
CONCEPTS

by Ronald E. Walpole,
Roanoke College

Without using complicated formulas
or rigorous mathematical theories, this
introductory text offers the student a
thorough understanding of the most
vital concepts of statistics. Designed
for students of limited mathematical
ability, the text replaces difficult
proofs with numerous illustrative ex-
amples which demonstrate the use of
statistical techniques in the social sci-
ences, biology, and business adminis-
tration. Great emphasis is placed on
the concepts of statistical inference,
however, all important descriptive sta-
tistics, such as the median, mean,
mode, range, standard deviation, and
percentiles are covered.

A complete Solutions Manual will
accompany the text. 1976

INTRODUCTION TO STATISTICS
Second Edition

by Ronald E. Walpole,

Roanoke College

This new edition of an outstanding
text is suitable for students majoring
in any of the academic disciplines
since it is neither too difficult and the-
oretical nor too simplistic. It requires
practically no mathematical back-
ground beyond elementary algebra.

Well organized and clearly written,
the text begins with a discussion of
the nature and history of statistics and
goes on to cover such topics as sets
and probability, random variables,
some discrete probability distribu-
tions, normal distribution, sampling
and estimation theory, tests of hypoth-
eses, regression and correlation, and
analysis of variance.

An Instructor’s Manual accompanies
the text. 1974

STATISTICS IN THE REAL
WORLD: A Book of Examples
by Richard J. Larsen,
Vanderbilt University; and
Donna Fox Stroup,
Princeton University

This introductory non-calculus sta-
tistics workbook is designed to show
how statistical procedures can be
applied to real problems. By using

substantive .examples, the author
emphasizes the broad role that statis-
tics play in experimental design, and
illustrates the relationship between
statistical theory and practice. Ex-
amples chosen from anthropology,
biology, economics, psychology,
medicine, geology, political science,
history, and sociology ensure the
relevancy of the workbook to today’s
student. 1976

STATISTICAL THEORY
Third Edition

by Bernard W. Lindgren,
University of Minnesota

Statistical Theory presents the
mathematical theory of statistical in-
ference at an advanced calculus level.
Now in its third edition, the text has
been completely revised to make it
more accessible to the student and
more adaptable to instructors’ needs.
While maintaining the features that
have made this book so successful in
the past, significant alterations in the
order of presentation have been made
and much of the material has been
rewritten. New material includes a
treatment of loglinear models for
three-way contingency tables, a sec-
tion on sequential Bayes tests, con-
siderably expanded sections on
regression and on likelihood and in-
formation, and a number of new prob-
lems and examples. 1976

A FIRST COURSE IN
PROBABILITY

by Sheldon Ross,

University of California, Berkeley

Here is a clear and logical presenta-
tion of the fundamental concepts of
probability. Designed for an introduc-
tory post-calculus course, the text
offers an extensive selection of stimu-
lating examples which emphasize the
potential applications of probability to
science, engineering, business, and
the social sciences.

Outstanding features of the text
include:
® a comprelensive treatment of limit

theorems
@ an introduction to coding and infor-

mation theory
@ excellent problem sets and theo-
rectical exercises at the end of each

chapter 1976
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FUNDAMENTALS OF
TOPOLOGY by Benjamin Sims,

Eastern Washington State College

This unique text offers a unified
treatment of the fundamentals of both
point-set and algebraic topology in
one volume. Designed for undergradu-
ate or graduate level study, the text
covers such topics as topological
spaces, metric spaces, separation
axioms, covering properties, connec-
tivity properties, metrization,complete-
ness, uniform and proximity spaces,
sequences and filters, collectionwise
normality and paracompactness, de-
velopable and Moore spaces, topo-
logical groups, retracts, semi-metric
and a-metric spaces, contraction map-
ping, the Fundamental Theorem of
Algebra, the Brouwer Fixed Point The-
orem, homotopy theory, and singular
~homology theory. 1976

BASIC TOPOLOGY:

A Developmental Course For
Beginners by Dan E. Christie,
Bowdoin College

Here is an introductory topology
text which has been carefully de-
signed for the average student with
minimal mathematical sophistication.
The text offers a gradual presentation
of basic topological concepts and a
flexible developmental approach by
which the student is encouraged to
perform simple mathematical proofs
on his or her own, while hints or de-
tailed solutions are provided for dif-
ficult proofs. 1976

COMPLEX VARIABLES
FOR SCIENTISTS AND
ENGINEERS

by John D. Paliouras,

Rochester Institute of Technology

Written for the introductory course
on complex variables, this text is pri-
marily concerned with presenting the
subject in a simplified, highly read-
able format. Organization of the ma-
terial provides a minimal yet sound
means of understanding the funda-
mental concepts of complex variables
as preparation for treating advanced
applications of the subject. Theory is
included but not emphasized and
proofs and other theoretical consider-

Macmillan Publishing Co., Inc.
100A Brown Street, Riverside, New Jersey 08075

ations are presented in separate but
accessible Appendices at the end of
each chapter. There are nearly 700
exercises, over 150 examples, most of
them worked out in detail, and 100
illustrations.

A complete Solutions Manual is
available upon adoption. 1975

ADVANCED CALCULUS,
Pure and Applied

by Peter V. O’Neil,

College of William and Mary

This text is for an advanced calculus
course for mathematics, engineering
and science students. The scope and
approach are aimed at providing a
framework for advanced abstract an-
alysis, developing skill in the use of
the tools of advanced calculus, and
emphasizing applications to other dis-
ciplines and to physically motivated
problems. The book covers the usual
topics of advanced calculus, along
with calculus of variations, complex
analysis, Fourier series, integrals and
transforms. 1975

AN INTRODUCTION TO
MODERN ALGEBRA

by Burton W. Jones,
University of Colorado

This text for modern or abstract al-
gebra courses has been carefully pre-
pared to involve the student in the
development of the subject matter, so
that he will understand why concepts
and methods are important, and how
they can be used to solve problems
and develop theories. The first four
chapters cover the basic ideas of
groups, rings and fields, and linear al-
gebra, with the last two chapters ap-
plying these concepts to the basic
development of ideals and Galois the-
ory. Particular attention is given to the
use of numerical examples in develop-
ing ideas and illustrating difficult
proofs. 1975
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ELEMENTS OF MATHEMATICS
Second Edition

by James W. Armstrong,
University of lllinois

The second edition of Elements of
Mathematics has been carefully tai-
lored to meet the needs of students
with limited mathematical ability.
Many new exercises have been added,
the level of exercises has been low-
ered, and computational aspects have
been by-passed where possible, so
that many chapters involve no compu-
tation at all. In instances where com-
putation is necessary, sufficient
preliminary work in techniques is pro-
vided. Well-written and interesting to
read, the new edition offers these im-
portant features:

@ the addition of a preliminary chap-
ter on flow charting—flow charting
is then used throughout the text

® a new chapter on statistics to aug-
ment the chapter on probability

® many more answers, including an-
swers to all questions in the prob-
ability chapter
The second edition maintains the

same thoughtful organization as the

first, allowing instructors to select per-
tinent material from relatively inde-
pendent chapters

An extensive Instructor’s Manual pro-
vides complete answers and teaching
suggestions.

1976

COLLEGE ALGEBRA
by William G. Ambrose,
West Texas University

Clear, precise and well organized,
College Algebra stresses problem
solving as a method of motivating the
average student. The text features
these special learning aids:
® numerous detailed examples em-

phasizing both theoretical and com-

putational aspects of topics covered
in the text

@ additional problems similar in na-
ture to the examples to ensure that
the student fully comprehends the
concepts presented in the examples

® an extensive selection of review
problems at the end of each chap-
ter to further solidify the student’s
understanding

@ chapter reviews
In addition, the text lends itself to a

theoretical or computational approach
to meet the needs of both advanced
and average students.

A Solutions Manual accompanies
the text, gratis.
1976

INTRODUCTORY LINEAR
ALGEBRA WITH
APPLICATIONS

by Bernard Kolman,
Drexel University

Here is a brief introduction to linear
algebra and some of its relevant appli-
cations to business, economics and
the social sciences. Designed for the
elementary level precalculus course,
the text emphasizes computational
and geometrical aspects of linear al-
gebra, keeping abstraction to a mini-
mum. An abundant supply of illustra-
tive examples and nearly 500 routine
exercises of varying levels of difficulty
are provided. 270 theoretical exer-
cises have been provided for more
capable and interested students.

The use of computers in linear alge-
bra is briefly explored in the Appen-
dix, which includes 53 computer
projects of varying levels of difficulty,
comments on APL plus BASIC.

An Answer Manual accompanies the
text, gratis.

1976

INTERMEDIATE ALGEBRA

FOR COLLEGE STUDENTS

by Louis Leithold,

University of Southern California

Here is a text that combines sound
mathematical content with a student-
oriented approach to provide a valu-
able learning tool for all students of
intermediate algebra. The full range of
standard topics receives comprehen-
sive and detailed treatment. The stu-
dent can read it and profit on his own.

An abundance of completely
worked out examples and illustrations
clarify both the theoretical and com-
putational aspects of the subject. At
the end of each section there is a set
of exercises, and review exercises ap-
pear at the end of each chapter. An
extensive discussion of word prob-
lems provides realistic opportunities
for practical applications. An Answer
Manual is available, gratis.

1974
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COLLEGE ALGEBRA
by Louis Leithold,
University of Southern California

This text combines the highly read-
able style of Louis Leithold with a
comprehensive treatment of tradi-
tional topics in college algebra. Leit-
hold’s teaching experience and
understanding of the pedagogical
problems of students are reflected in
the conversational mode of expres-
sion. Students will gain an apprecia-
tion for mathematics as a logical
science and develop the skills for
more advanced study.

The comprehensive content, care-
ful exposition, and extensive number
of completely worked-out examples
make this text an excellent student-
oriented teaching tool. A Solutions
Manual is available, gratis. 1975

AN ALGEBRA PRIMER:
Abecedarian Mathematics for
College Students by Ronald D.
Ferguson, Raymond W. Tebbetts,
and Kenneth D. Reeves, all,

San Antonio College

An Algebra Primer is designed to
prepare students for a freshman
course in college math by providing
them with basic technical, manipula-
tive, and procedural skills. Aimed at
the student with an inadequate math-
ematics background, it is written in-a
friendly, conversational style. The con-
tent takes the student through alge-
braic expressions, linear equations,
quadratic equations and functions,
complex numbers, and topics in plane
geometry. Numerous problems taken
from business, science, art, and ath-
letics appear at the end of each chap-
ter and are coordinated with individual
sections of the text for additional
practice. Organization of the book is
highly structured, stating student ob-
jectives before each chapter. The
book also contains coordinated exam-
ples and a flow chart to aid in prob-
lem solving. 1975

FINITE MATHEMATICS

WITH APPLICATIONS

Second Edition

by A. W. Goodman and J. S. Ratti,

both, University of South Florida
The second edition of this outstand-

Macmillan Publishing Co., Inc.
100A Brown Street, Riverside, New Jersey 08075

ing text continues to be the best avail-
able text for courses in finite
mathematics. It retains the clarity of
style and blend of theory and applica-
tions in a broad selection of topics-ex-
emplified by real life examples and
problems.

The following changes have been
incorporated, making this book better
for both the instructor and student.

@ the addition of several easy prob-
lems at the end of each section.

® more application-oriented problems.

@ a direct proof of Gamblers Ruin
Theorem has been added in the
appendix.

® the chapter on Graph Theory has
been expanded to include the Koe-
nigsburg Bridge Problem and re-
lated marterial.

@ chapters on probability and statis-
tics have been reorganized for
smoother presentation.

@ all answers are included in the text.

1975

ELEMENTARY ALGEBRA
by Thomas M. Green,
Contra Costa College,
under the editorship of
Louis Leithold

Elementary Algebra has been care-
fully prepared to provide first year stu-
dents with a smooth transition from
the concrete examples of arithmetic
to the more abstract aspects of alge-
bra. The first section presents an in-
troduction to the abstract nature of
algebra, the necessary background
and structure for the real numbers,
and methods for solving simple equa-
tions. The second section covers poly-
nomials, quadratic equations, rational
expressions, advanced graphing tech-
niques, and inequalities. Emphasis
throughout is on initiating themes in
algebra with the more familiar exam-
ples in arithmetic. An Instructor’s
Manual with answers to even-numbered
exercises is available.

1975
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_ famous isoperimetric theorems, the reflection princi-
The World-Renowned ple, and Steiner’'s symmetrization—with problem solv-

NEW MATHEMATICAL LIBRARY ing emphasis.
; i THE CONTEST PROBLEM BOOK (NML-05)
is now published by Problems from the Annual High School Mathematics
Contests sponsored by the MAA and four other
THE MATHEMATICAL ASSOCIATION organizations. Covers the period 1950-1960. Com-
OF AMERICA piled and with solutions by Charles T. Salkind.
A complete collection of examination questions and

solutions from the first decade of this national high
This continuing series of inexpensive, paperbound school mathematics competition. No mathematics
books by mathematical scholars is designed for the beyond intermediate algebra required. Elementary
high school or college student who wants a new procedures are consistently used in solutions, but
challenge in understanding and appreciating important more sophisticated alternatives are included where

mathematical concepts. Internationally acclaimed as appropriate.

the most distinguished series of its kind, the NEW

MATHEMATICAL LIBRARY features eminent ex- THE LORE OF LARGE NUMBERS (NML-06)

positors Ross Honsberger, Ivan Niven, H.S.M. Coxeter, by P. J. Davis A

and others of equal stature. Another distinctive feature How to work with numbers, big and small, and under-

of NML is its collection of problem books from high stand some of their less obvious properties.

school mathematical competitions in the U.S. and

abroad. Teachers at all levels will find many stimulating gsﬁgoo{i INil:‘INITY (NML-07)

ideas in these books suitable for the classroom or in- Hy 8_5’ ti h 4 . d th )

dependent study. The books are ideal for supplemen- Ow mathematics have transforme e almost

tary reading, school libraries, advanced or honor mystic concept of infinity into a precise tool essential
in all branches of mathematics.

students, mathematics clubs, or the teacher's

professional library. Watch for new titles that will GEOMETRIC TRANSFORMATIONS (NML-08)

by I. M. Yaglom translated by Allen Shields

appear regularly.

. . Concerned with isometries (distance-preserving
:;Jrc:::%e?ﬂonn AND IRRATIONAL (NML-01) transformations), a completely different way of Iook.
A clear interesting exposition of number systems, Isrzgdea;tsfawiltl;-\armge?r?cr:;?ri)ca'wﬁif;t: ";:e?fﬂl)phr?blteﬁ
beginning with the natural numbers and extending to ing techni . byd ' pd p
the rational and real numbers. solving niques may be developed.

WHAT IS CALCULUS ABOUT? (NML-02) gfg;"'lNéJ%::d’:RACT'ONS (NML-09)

by W. W. Sawyer : . . .
Develops the basic concepts of calculus intuitively, ex- fg:tvi”:uzgwfr'a"é;io;:s' ';Cc}'oir""strgg:cf;i e:sg:dgfvg:;z
ploiting such familiar concepts as speed, acceleration, topics as the solutions of linear Diophantine

equations, expansion of irrational numbers into in-
finite continued fractions and rational approximation
to irrational numbers.

and volume.

AN INTRODUCTION TO INEQUALITIES (NML-03)
by E. F. Beckenbach and R. Bellman

Includes an axiomatic treatment of inequalities, proofs

of the classical inequalities and powerful applications gyg::zi:g?eTHEm USES (NML-10)

to optimum problems. Develops enough graph theory to approach such

GEOMETRIC INEQUALITIES (NML-04) problems as scheduling the games of a baseball
league or a chess tournament, solving some ancient

by N. D. Kazarinoft
An informal presentation of the arithmetic mean-

geometric mean inequality and discussions of the

puzzles or analyzing winning (or losing) positions in
certain games.
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HUNGARIAN PROBLEM BOOK | (NML-11)
HUNGARIAN PROBLEM BOOK Il (NML-12)

Based on the Etvos Competitions 1894-1928
translated by E. Rapaport

The challenging problems that have become famous
for the simplicity of the concepts employed, the
mathematical depth reached, and the diversity of
elementary mathematical fields touched.

EPISODES FROM THE EARLY HISTORY OF
MATHEMATICS (NML-13)

by A. Aaboe

The contributions and amazing progress made by an-
cient mathematicians are revealed as the author
describes Babylonian arithmetic and topics
reconstructed from Eculid’s Elements; from the
writings of Archimedes and from Ptolemy's Aimagest.

GROUPS AND THEIR GRAPHS (NML-14)

by I. Gr and W. Mag

In this introduction to group theory, abstract groups
are made concrete in visual patterns that correspond to
group structure. Suitable for students at a relatively
early stage of mathematical growth.

THE MATHEMATICS OF CHOICE (NML-15)

by Ivan Niven

Stresses combinatorial mathematics and a variety of in-
genious methods for solving questions about counting.
Offers preparation for the study of probability.

FROM PYTHAGORAS TO EINSTEIN (NML-16)

by K. O. Friedrichs

The Pythagorean theorem and the basic facts of vector
geometry are discussed in a variety of mathematical
and physical contexts leading to the famous E = mc?.

THE MAA PROBLEM BOOK Il (NML-17)

A continuation of NML 5 containing problems and
solutions from the Annual High School Mathematics
Contests for the period 1961-1965.

FIRST CONCEPTS OF TOPOLOGY (NML-18)

by W. G. Chinn and N. E. Steenrod

The development of topology and some of its simple
applications. The power and adaptability of topology
are demonstrated in proving so-called existence
theorems.

GEOMETRY REVISITED (NML-19)

by H.S.M. Coxeter and S. L. Greitzer

The purpose of this book is to revisit elementary
geometry, using modern technigues such as transfor-

mations, inversive geometry, and projective geometry
to facilitate geometric understanding and link the sub-
ject with other branches of mathematics.

INVITATION TO NUMBER THEORY (NML-20)

by Oystein Ore

A highly readable introduction to number theory that
explains why the properties of numbers have always
held such fascination for man. Problems, with
solutions, allow students to find number relationships
of their own.

GEOMETRIC TRANSFORMATIONS Il (NML-21)

by I. M. Yaglom translated by Allen Shields
Similarity (shape-preserving) transformations are dealt
with in the same manner in which distance-preserving
transformations were treated in the first volume in
Geometric Transformations (NML-8). Includes
numerous problems with detailed solutions.

ELEMENTARY CRYPTANALYSIS — A Mathematical
Approach (NML-22)

by Abraham Sinkov

In this systematic introduction to the mathematical
aspects of cryptography, the author discusses
monoalphabetic and polyalphabetic substitutions,
digraphic ciphers and transpositions. The necessary
mathematical tools include modular arithmetic, linear
algebra of two dimensions with matrices, com-
binatorics and statistics. Each topic is developed as
needed to solve decoding problems.

INGENUITY IN MATHEMATICS (NML-23)

by Ross Honsberger

Nineteen independent essays that reveal elegant and
ingenious approaches used in thinking about such
topics in elementary mathematics as number theory,
geometry, combinatorics, logic and probability.

GEOMETRIC TRANSFORMATIONS IIi (NML-24)

by I. M. Yaglom translated by Abe Shenitzer

This part of Yaglom's work (sequel to NML-08 and
NML-21) treats affine and projective transformations,
and introduces the reader to non-Euclidean geometry
in a supplement to hyperbolic geometry. As in the
previously published parts of his work, Yaglom focuses
on problems and their detailed solutions and keeps the
text brief and simple.

THE MAA PROBLEM BOOK Il (NML-25)

A continuation of NML-05 and NML-17, containing
problems and solutions from the Annual High School
Mathematics Contests for the period 1966-1972.
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ORDER FORM

MAIL TO: THE MATHEMATICAL ASSOCIATION OF AMERICA

1225 Connecticut Avenue, N.W.
Washington, D. C. 20036

Please send the following NEW MATHEMATICAL LIBRARY books:
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... edited by Jon L. Higgins, a joint project of the
NCTM and the Educational Resources Information
Center (ERIC) Clearinghouse - for Science, Mathe-
matics, and Environmental Education. Contributions
by seventeen authors have been compiled in this 144-
page handbook to provide practical suggestions for
teaching the metric system.

The articles— some reprinted from recent issues of
the ARITHMETIC TEACHER, some written especially
for this publication—are divided into five sections:
“Introducing the Metric System”; “Teaching the Metric
System: Activities”; “Teaching the Metric System:
Guidelines”; “Looking at the Measurement Process”;
and “Metrication, Measure, and Mathematics.”

The book sells for $2.75, with discounts on quantity
orders shipped to one address as follows: 2-9 copies,
10%; 10 or more copies, 20%. Make checks payable
to the National Council of Teachers of Mathematics.

Order [Formn
Pleasesendme ___ copies of A Metric Handbook for Teachers.
Olenclose$____ (all orders totaling $20 or less must be accompanied by full pay-

ment in U. S. currency or equivalent).
O Bill me (shipping and handling charges will be added to all billed orders).

szhere i1sa $1service charge on cash orders totaling less than $5ﬁr

Send to:

NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS
1906 Association Drive, Reston, Virginia 22091

THE MATHEMATICAL ASSOCIATION OF AMERICA
MATHEMATICS MAGAZINE VOL. 49, NO. 2, MARCH 1976

1225 Connecticut Avenue, N.W.

Washington, DC 20036
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